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Lemma 5.12.8 For the game automaton Ay over the alphabet {a} consider the
game T'(Az, v). Then in this game one of the players possesses a winning strategy
f such that if p and q are positions of the winner and lvr(p) = lvr(q), then

fp) = f@. , -

) Proof of the Lemma, Recall that I'(Az, v) is a GH-game. Consider the
congruence relation E for this game. Note that v(x) = a for all x € 7. Therefore,
for all positions p and g of this game, the Node(p)-residue of (v, 7T) is the same
as the Node(q)-residue of (v, 7). We conclude that the condition lvr(p) = lvr(g)
implies, by the Forgetful Determinacy Theorem, that f(p) = f(g). This proves
the lemma.

From this lemma we see that a winning strategy in the game I'( Ay, v) is

among the functions that depend on the last visitation records. Hence, there exists
a winning strategy that belongs either to the set of all functions from D(S) (displays
on S) to S or to the set of all functions from' D(S) to {0, 1}. Let f be a function
(strategy) from the former set and let g be a function (strategy) from the latter set.
‘Consider the play

$0, d1, 51, d2, 52, .

consistent with these two functions f and g. Let p; be the ith position of Pathfinder
in this sequence. So

PO = S0, p1 = 504151, .- ..

Consider the sequence

, r(po), vr(p1), or(pa), .. ..

There exists ani and anm # Osuch thatlvr(p;) = lvr(p;+m). Then it should be the
case that g(lvr(p;)) = g(vr(pi+m))- Since f and g are functions that depend on
last visitation records and the above play is consistent with f and g, the play must
eventually be periodic. Hence we can compute the period and find out whether
or not the strategy f wins against g or the strategy g wins against f. The set of
all functions from D(S) (displays on-S) to S or from D(S) to {0, 1} is finite. One
of these functions, by the lemma above, is a winning strategy. We conclude that
playing these strategies against each other, we can algorithmically find a desired
winning strategy. Now A3 accepts (v, 7) if and only if Automaton has a winning
strategy. We now leave the details of the proof to the reader. []
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decidable. i s :

Proof. This follows, given the solutions to the complementation and the
emptiness problems, the proofs of similar statements about Biichi automata. [1

>

Exercise 5.12.5 Prove the 83.:5% above.

6
Applications of Rabin Automata

-

Rabin automata have applications in many areas of mathematics and computer
science. In this chapter our goal is to show how results about Rabin automata can
be applied to prove that some theories of well-studied mathematical structures are
moo.amc_o. This chapter consists of ten sections. The first four sections introduce
the Hsomoa of algebraic structure, the monadic second order logic, the truth of
formulas in algebraic structures, isomorphisms, and theories of classes of struc-
tures. Section 5 is devoted to proving that the monadic second order theory of two
successor functions, known as $2., is decidable. In particular, the section shows
the relationship between definable relations in the monadic second order logic of
twp successors and languages accepted by Rabin automata.

,All of the next sections use the decidability of S2S. Section 6 proves that
the monadic second order theory of w many successor functions is decidable. In
Mnnmos 7 we prove that the monadic second order theory of countable linearly
ordered sets is decidable. Section 8 shows that the monadic second order theory
of countable unary algebras is decidable. In Section 9 we study Cantor’s discon-
tinuum, and prove that the theory of Cantor’s discontinuum is decidable in a logic
weaker than the monadic second order logic. We also prove that the theory of the
topological space of the real interval [0, 1] is decidable. Finally, in the last section,

_ weintroduce and study some known properties of Boolean algebras. We prove
that the theory of all countable Boolean algebras with quantifications over ideals

is decidable.

We note that the basic results of this chapter are decidability results. The
?o,o? of these results involve algorithms whose correctness are based on some
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known algebraic facts about the structures. Thus, for example, in studying the theo-
ries of linearly ordered sets, we use (and prove) the fact that any countable linearly
ordered set can be embedded into the linearly ordered set of rational numbers. In
studying theories of unary algebras, we introduce enveloping unary algebras and
use (and prove) the fact that any countable unary algebra can be embedded into
an enveloping unary algebra. In the study of Cantor’s discontinuum, we prove
some topological results about the Cantor discontinuum. In the study of theories
of Boolean algebras, we use (and prove) Stone’s representation theorem. We show
that clopen sets of Cantor’s discontinuum form a Boolean algebra. We also use
(and prove) the fact that any countable Boolean algebra is isomorphic to a factor
of the Boolean algebra of clopen sets of Cantor’s discontinuum. Thus, from this
point of view, all the decidability results of this chapter can be consideréd as those
obtained by exploiting the interplay between algebraic properties of structures and
algotithms. All the decidability results provided in this chapter were proved by
M. Rabin in 1969 in his famous paper “Decidability of Second-Order Theories and
Automata on Infitite Trees.” A

6.1 Structures and Types

The goal is to develop a language powerful enough to reason about structures that
arise in mathematics. To do this we first need to classify structures by their types.
Then we develop a language, similar to the language of the monadic second order
logic of one successor, that allows us to talk about properties of structures of the
same type. We have already had experience in developing languages, so we will
feel quite comfortable not going into much detail.

Examples of structures are linearly ordered sets, partially ordered sets, equiv-
alence relations, (w, S) and the tree (T, ro, r1). In this section we present a general
definition of a structure. At this stage we can informally say that a structure is a set

together with certain operations and relations which are defined on the set. Thus,

the tuple (w, S, <) is a structure that consists of the set w, the successor operation
S and the ordering relation < on w. Similarly, (Z, 4, x, <) is also a structure that

consists of the set Z, the addition operation, the multiplication operation, and the -

less than or equal to relation. For our purposes, we need to be more formal and
give an exact definition of structures. , v

Definition 6.1.1 A type is a sequence (which may be finite)

1 n m m
Fy°, F{', ..., P§", P _,.‘.:\no,n_...:

where each h..:.. is called an operation symbol, each Nuw:. is called a relation

symbol, and each cy is Q&& a constant. For the operation symbol ,m.ﬂ.s. ) the
natural number n; is called the arity of the operation symbol. Similarly, for the
relation symbol P, the natural number m j is called the arity of the relation

J 7 .
- symbol. If the sequence above is finite then the type is called a finite type.
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In order to specify a structure of the given type, we first need to pick up a
nonempty set, say D, which will be called the domain of the structure. We also need
to associate with each operational symbol F;* an operation, denoted by F, T D on
the domain D. The arity of the operation is ;. In addition, we need to associate

with each relational symbol Q_‘:. a relation, denoted by J,.S. ,b, on the domain D.
The arity of the relation is m ;. Finally, we should pick up elements n% from the
domain which are associated with the constant symbols cg. Hence, what we have
is the structure

mo,D pmy,D D D
wo vﬂ N S D)

ng, D ny1,D
Ab.Nﬂoo qmﬂw— ’

Apoint here is that the structure we have just considered is not uniquely determined
by the type. This is because each symbol m,_.s, for example, can be associated with
many other operations on D. Let us now give a formal definition and then have
some examples. Of course, we have the fixed type given above. ‘

Definition 6.1.2 A structure of the given type is the sequence

D D
(D, FP, FmoP

vy

mg,D =:v.b D D
wo ~w~ «...-0.0.0#...@.

such that we have the following:

- 1.- D is a nonempty set called the domain.

" 2._Each F" Pisa Jixed operation on the domain D. The arity of the operation
is n;. .
D . -
3. mwm.% w\‘.f is a fixed relation on the domain D. The arity of the relation
ism;j. :

4. Each &w is a fixed element on the domain D called a constant.

\w .‘
We denote this structure by D.

We note that the order of operations, predicates and constants in the structure
follows the same order of the corresponding operation symbols, relation symbols
and constant symbols of the given type. Also, if it causes no confusion, we often
denote the operation (relation, constant) 35 D by the same symbol 35 as occurs
in the type. Let us now have several examples.

Example 6.1.1 Let the type be f, where f is the operation symbol of arity 1. This
is called a unary operation symbol. Some structures of this type are the following:

1. (w, S), where S is the successor Jfunction on w.

2. (w,x — kwv. where the function x — x?* sends each number n to n2.
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3. (Z, f), where f(i) =2i foralli € Z.

4 (2, N, where Q is the set of all rational numbers and f(q) =2 x q — ¢*
forallq € Q.

5. Of course, the structure (@, +), where + is m&&&e? is not a structure of
the given type because - is a binary (hence not unary) operation.

i

Example 6.1.2- Let the type be R, where R is a relation symbol of arity 2. .weim
structures of this type are the following:

1. (w, <), where < is the ordering relation on ®.

2. (w, mod(n)), where the relation mod(n) is the equivalence relation on ®
such that (x, y) € mod (n) if and only if x — y is equal to 0 modulo n.

3. (Z, P), where x,y)e P @aa‘ioix if x =2y.

4. (Q, <), where Q is the set c\. all rational numbers, and <

is the usual
ordering relation.

5. Of course, the structure (v, +), where + is addition, is not a structure of
the given type because + is a binary operation but not a binary relation.

Example 6.1.3 Recall the structure T Jrom the previous chapter. The domain of
the structure is {0, 1}*. On T, two unary operations L and R are defined as follows.
Forallu € T, L(u) = u0 and R(u) = ul. The triple ({0, 1}*, L, R), denoted by

T, is the binary tree. The type of this structure is

S, f2,

where fi and-f, are unary operation symbols.

Example 6.1.4 Consider the structure (w,-S, 4+, <, 0, 10). The type of this struc-
ture is
.\...\,M_x..,ﬁo.o.? )

where f is a unary operation symbol, f? is a binary operation symbol, R is a
binary relation symbol, and cy and cy are constant symbols.

Exercise 6.1.1 ,
1. Give examples of structures of the type f2, where f? is a binary operation
symbol.

2. Give examples of structures of the type f2, R?, where f? is a binary oper-
ation symbol and R? is a binary relation symbol.

3. Give examples of structures of the type Uy, Uy, U, e where each QN isa

unary predicate symbol.

4. Give examples of structures of the type cy, c1, . . . , where each c; is a constant
symbol.

example; the term
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6.2 The Monadic Second Order Language

We fix the type F)°, Fi'', ..., Py, P", ..., co, c1,.... Letus denote this type
by 7. In this section our goal is to develop the monadic second order language
of the structures of given type. Having the language, we will be able to formally
express certain properties of structures of type t and reason about the properties.
At the end of this section we will explain the reasons for the terms monadic and
second order.

In describing the language we will be quite formal since we have already used
this type of language for other structures (e.g., (@, S), finite linearly ordered sets).
The symbols of the language of the monadic second order logic are the following.

1. We use the symbols

quy“N....q

~+  called individual variables, possibly with subscripts or superscripts. Hroma‘
run over domains of the structures of type .

N

We use the symbols
N Y.Z,...,

called set variables. These run over subsets of the QoEmEm of structures Om
type .

3. We use symbols =, €, and of course the symbols from type 7:
: Fol Fityoo PO P, L coscty e
4. We use logical connectives &, \/, —, =, and quantifiers 3, V. The quantifiers
3, V can be applied to individual as well as to set variables.
5. We also use nonlogical symbols ( and ), left and right parentheses.

We now define the notion of a term of the monadic second order _om_o.
Informally terms represent operations on the domains of structures o_uSEnm by

. compositions from the basic operations of the structures.

Basic Step. Each variable x is a term. Each constant symbol ¢ is a term.

Inductive Step. If F is an operation symbol of arity m and ¢, ..., f, are
terms, then F (¢, ..., 4,) is a term.

Thus, a string of symbols is a term if it can be shown to be a term by a finite
number of applications of the procedure above. Each term may contain variables. If
all the variables of the term ¢ are among variables {xg, x1, ..., x,} we 53\ denote
this by £(xg, ..., xpn). ,

Each term defines an operation on a given structure D in a natural way. For

Nﬂsﬁ.ﬁmv....uRSV
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is the operation F™P itself. The term
FA(F'(), P(x,3,2)
aomnom the operation G of arity 3 as follows. For all a, b, c € D, G(a, b, ¢) is
F>P(F1P (@), F*P(a, b, c)). | \

We define all this more formally as follows.

Let D be a structure and £ (xg, . .., x,) be a term. The value of ¢ (xg, ..., xn)
at n + 1-tuple (ag, . .., ay), denoted by £ (ag, . . ., a,) is defined as follows:

Basic Step. If ¢ is x;, then t(ap,...,a,) = a;. If ¢ is a constant ¢ then
t(ag, ...,an) = cP. S

Inductive Step. If = F(f1, ..., tn), then

t@@0, ..., an) = FP(t1(ao, ..., an), ..., tm(ao, ..., an)).

Thus, every term m ,mom:% an operation Ku on the structure D. Sometimes,

; . .. D
if there is no confusion, we may write ¢ instead of .

Exercise 6.2.1 Consider the type that consists of two binary functional symbols f

and g. Consider the structure (Z, +, X) of the type. Find the value of the following

terms at specified n-tuples.
L. f(x,g(x,y))at(—1,2).
2. w@.,\@.w&\fkvvv ats. ‘
3. fx, 8y, f(z, W) at (1,2,3,4).
4. g(x, g(x, g(x, x))) at 3.

Exercise 6.2.2 Consider the structure (Z, S), where S is the successor \ER.:.Q.:.
Let t be a term of the type of this structure. Show that there exists a nonnegative
integer n such thatt(x) = x +nforallx € Z.

We now define, by induction, formulas of the language of the monadic second
order logic.

Basic Step. The expressions
teX, ti=ty X=Y, P(t1, ..., t),
where t1,t,...,t, are terms, X and Y are set variables, and P is a predicate

symbol of arity n, are all atomic formulas.

Then

Inductive Step. Suppose that the formulas @ ‘and ®, have been defined.
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L. (®1&®,) is a formula,
2. (P ®y)isa formula,

. (@1 — ®,) is a formula,

5. @x®d1) and AX P C‘mﬁo formulas,

3

4. (=) is a formula,

) :

6. (Vx®).and (VX 1) are formulas.

Now we define the notion of a free variable in a formula. We note that for a

term ¢ the sct of free variables F¥ V (¢) is.simply the set of all variables that occur
int.

. Basic Case, For atomic formulas f € X X =y, X =Y, = t, and

wucr ...y Iy), the sets of free variables are FV (¢) | J{X}, {x, y}, {X, YLEV() U
FV(t2), and FV(t1) - - - |J FV (1), respectively.

Inductive Step. Suppose that the sets of free variables F V(®1) and FV (®,)
?Zro formulas ¢ and ®, have been defined. Then

E_\E%e“v = FV(®1) CEA@? FV(=®) = FV(dy),
FV(Qx®1) = FV (1) \ {x}, FV(QX®1) = FV(Py) \ {X},

where k € {&,\/,—}, @ € {V, 3}, x is an individual variable, and X is a set
variable. .

A formula is a sentence if it has no free variables. Thus, we have defined
the language of the monadic second order logic. In summary, one can quite infor-
mally say that the language we have defined consists of the type, variables, logical
connectives, terms, formulas, and sentences. ‘

5 We also need a language weaker than the language of the monadic second
order logic. This weaker language is defined exactly as the language of the monadic
second order logic but does not contain set variables, and the membership symbol
€. Thus, the formulas of this language are defined as follows. The expressions
h=tand P(1,...,t,), where 11 and £, are terms, and P is a predicate symbol of
arity n, are all atomic formulas, Suppose, by induction, that the formulas ®; and
@w have been Q,omdnm. Then Ae_%mavmv, AAS < GNY AA: — GMV, AJGHV, Amxnvhv

~and (Vx®1) are all formulas. We call this language the language of the first order

logic. Clearly, the language of the first order logic is contained in the language of
the monadic second order logic.

Quite informally, the first order logic is a set of statements about properties
of the elements of structures, while the second order monadic logic is a set of
statements-about properties of the elements and subsets of structures. The word
order can thus be understood as follows. Elements of structures are first order
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objects. Subsets and relations of structures are the second order objects. The third
order objects are sets of relations. In general, objects of order n are sets that contain
objects of order n — 1. The word monadic is used because in the monadic second
order language the second order variables are set variables only.

6.3 Satisfiability and Theories ‘ :

In this section we discuss the relationship between languages and structures. The
relationship is based on the notion of satisfiability, or equivalently truth, of the
formulas under a given interpretation of variables. We assume that we have fixed
the type 7. We also fix a structure D whose type is T. Suppose that to each individual
variable x; and a set variable X; an element b; and a set B; of the domain D has
been assigned, respectively. In other words, we have a fixed interpretation

intr . x; = b; intr : Xj — Bj

{

of the variables. _w% induction on the oo.Ec_oiQ of the formula &, we define
satisfaction of ® on the structure D under the interpretation. We recall that any

term ¢ can be thought as an operation P on the domain D. Now we provide the
definition. Note that the definition assumes that the interpretation intr is given.

Definition 6.3.1
Basic Step.

* D satisfies the atomic formula (¢t (x1, ..., xn) € X;) if in D we indeed have
tPby,...,by) € By,

* D satisfies Q& atomic formula t{(xy, ..., Xp) = (X1, ..., %Xm) N\N b1,

v v.lNN AWT.... §v
« D satisfies the atomic Jormula (X; = X;) if Bi = Bj.

* D satisfies the atomic formula P (t;(x1, .. ., Xmy)s oo (X1, _,33_5 ifit

is indeed the case that the n-tuple

¢Pwy, .. by, P01, b))

belongs to the relation PP,

‘Inductive Step. We consider separately each case corresponding to the in-
ductive step in the definition of a formula.

o D satisfies (&1 \/ @) if D satisfies either ®1 or ®s.
» D satisfies (®1&D») if D satisfies both ®1 and ®,.

“Exercise 6.3.1 Consider the structure T
r(t{(x)) and the term t;(y) be r' (t5()), where r, ¥’ € {L, R). Show that t;(x) =
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* D satisfies (&1 — $2) if D does not satisfy ®y or the condition that D
satisfies ®1 implies that D satisfies Oo.

* D satisfies ~(®1) if D does not satisfy ®1.

* D satisfies (3x; ®1) if there exists b € D such that D satisfies the formula
@y under the new interpretation intr’ which is the same as intr except its
value on x; is b.

D satisties (3X; D1) if there exists B C D such that D satisfies the formula
@1 under the new interpretation intr’ which is the same as intr except its
value on X; is B.

D satisfies (Vx; ®1) if D satisfies =(3x; (—®1)).

«. * D satisfies VX; ®1) if D satisfies ~(3X; (—®1)).

“ From the definition we see that the satisfaction of sentences does not de-
vo:a on interpretations. Every sentence is either satisfied or is not satisfied in the
structure, and does not depend on intr. For a formula ® whose variables are among

_m_,. oo Xrand Xq, ..., N?Sozmcn:%cﬁ:o O(X1,..., Xp, X1, ..., X). We write

D=®(Bi,...,Bp, b1,...,b)
if the structure D satisfies this formula under the interpretation infr such that
intr(X;) = Bj, intr(x;) = b;, where j = 1,...,pandi=1,...,¢.

‘. We need a definition.

Definition 6.3.2 We say that the formulas ®(Xy, ..., Xm, 1, ..., yi) and ¥ (X,

s Xm» Y15+, Y&) are equivalent in a given structure D if for all subsets B,
-voy By C Dandall elements by, ..., by € D the structure D satisfies ®(By, ...,
By, b1, ..., b) ifand only if D satisfies W(By, ..., By, by, ..., by).

(T, L, R). Let the term t,(x) be

t(y) is equivalent to the formula Jx13y (t(x) =

x1 & ty(y)
=r'(y1)) in structure T.

v & rixy)

Definition 6.3.3 Let K be a class of structures. The monadic second order theory

of IC is the set of all sentences in the monadic second order logic satisfiable (true) in

all the structures from KC. We denote it by Th(KC). Similarly, the first order theory
of KC is the set of all sentences in the first order logic satisfiable (true) in dll the
structures from K. We denote this theory by Thy (K).

Thus, using the definition one can talk about the monadic second order theory
of all linearly ordered sets, partially ordered sets or different types of mathematical
structures such as groups, rings, boolean algebras, etc. When the class X contains
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o:? one structure, say D, then usually the theory of the class K, that is, Th(K) is
denoted by Th(D). So, one can talk about theories of the structures (0,=<),(Z,+),
(w, S, +, X), etc.

Definition 6.3.4 The monadic second order theory of the structure T = ({0, 1}%,
L, R) of two successor functions is denoted by S2.S.

Our purpose is to show that the monadic second order theory of 7 is decidable.

In other words, we will show that there exists an effective procedure which, for

any given monadic second order sentence ®, decides if this sentence is true in T
or not. Before we proceed to this task we will need one additional definition and
proposition (discussed in the next section) that will be used later.

6.4 Isomorphisms

A concept that is very often used in mathematics is the concept of identification
~ of structures. Informally, two structures can be identified if one is a “copy” of

the other. Thus, two structures that are identified should have the same algebraic
properties. For example, two finite linearly ordered sets that have the same number
of elements can be identified (see the section on the monadic second order theory
of strings in the finite automata chapter). We formalize the concept of identifying
structures in the following definition.

_ Definition 6.4.1 -Let D1 and D, be structures of type t. A one-to-one mapping f
from the domain D onto the domain D is called an isomorphism if the map f

preserves the basic operations and relations as follows:

1. For all constants ¢ € T, f (cPvy = cP2, In other words, f “preserves” the
constants in Dy and Dy. : o

2. For any n-ary operation symbol F € t, and all ay, ..., an € Dy, we have
FFPYa, ... an)) = FP2(f(@1), ..., f(an)).
In other words, the mapping f “preserves” the operations.

3. For any n-ary relation symbol P € T, and all aq,...,a, € Dy, wPAS,
..., ay) is true in D1 if and only if PP2(f(ay), ..., f(an)) istrueinDy. In
other words, the mapping f “preserves” the relations.

If f is an isomorphism between Dy and D, then the structure D1 is called iso-
morphic to the structure D;.

It is not hard to see that isomorphic structures have the same theories. We
prove a slightly more general fact in the following proposition,

6.5. Definability in 7" and Decidability of $2 339

... Proposition 6.4.1 Let f be an isomorphism from the structure D1 onto Dy. Then

..\.Q\ Qmm.\@\i&m««h AVANT ey Nz\: P TREEE .v\\av. ht@h&ﬁw wr ey mws m ®H QS«N QN:
ements by, ..., by € Dy, the structure D, satisfies ®(By, ..., By, b1,+..,b) if

and only Dy satisfies ©(f(B1), FBa), £b1) ; . .,
. yreay w ) N , w
the image of the set B in D under f. m Sf(br)), where f(B) is

Proof. The proof can be presented by induction on the complexity of the
formula (X Lrevos Xm. b1, ..., bg). The base case when the formula is atomic
follows directly from the definition of isomorphism. The cases when ® is obtained
mnoh.z less complex formulas ®; and ®; using logical connectives are proved
easily from the definition of satisfiability. Now assume that ® is of the form
X1 (X1, .., Xm, ¥1, ..., y). Suppose that D satisfies the formula IX; v (X,
B, ..., By, by, ..., by). Then for some By C Dy, the structure D; satisfies the
formula W(By, B;..., By, by, ..., br). Now applying the induction :Suo:_nmmm
10 W(By, By, ..., Bu, b1, ..., by), we see that D, satisfies W(f(B1), f(B2),...
S Bw), fb1), ..., f(by)). Hence D, satisfies IX;W(Xy, f(By), ..., f(B, v“
N (b1), ..., f(br)). The other cases are proved similarly. OJ , "

Exercise 6.4.1 Finish the proof of the proposition.
Exercise 6.4.2 Show that the following facts are true:

L. Every structure is isomorphic to itself.
2. If D is isomorphic to Ds, then Dy is isomorphic to Dy.

<3 If @@_ is isomorphic to D and Dy is isomorphic to D3, then Dy is isomorphic
to Dj.

Exercise 6.4.3 Show that the following structures are isomorphic:

H AS..._.v.a:&@e“._.v,%}m&+§3m n&&.&g QES:.QFa:&weaSwa&@
all even natural numbers. : . :

>

2. (@, <) and ((0, 1),, <), where (0, 1), is the set of all rational numbers
between 0 and 1 not including either 0 or 1.

Exercise 6.4.4 Show that if two structures with Sfinite domains satisfy the same first
order sentences, then the structures are isomorphic. :

6.5 Definability in 7 and Decidability of S2.§

F this section we will concentrate on the monadic second order theory of the
.mq__o::o of two successors 7 = (T, L, R). In particular, we will .co interested
in the issue about the relationship between the monadic second order language of
7T and Rabin automata. We show that the relations in 7 definable in the monadic
second order logic can be identified in a certain natural way with languages of
X-valued trees accepted by Rabin automata.
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6.5.1 X-Valued Trees as Structures. Let ¥ be an alphabet. We will show how
Y:-valued trees can be viewed as mathematical structures which are, in some sense,
richer than the structure 7. Suppose that (v, 7) is a X-valued tree. Take a symbol
o from ¥. Now the symbol o defines a subset O, on the tree 7T in the following
way. A node u € 7 belongs to the subset Q if and only if v(#) = o. Let us
consider an example.

Example 6.5.1 .w&%&.a that & = {a, b, c}. Consider a Y-valued tree (v,T)
defined as follows: .

' a if In(lu| = 3n),
v@)=1{ b if In(lu| = 3n+ 1),
¢ if In(ju| = 3n+2).

This valuation defines the following subsets:

Qo = {u||u]l=3n,nc w},
Op ={u|lul=3n+1necw}
Qc=f{ullul=3n+2,n € w}.

In this example, the %-valued tree (v, T) defines the structure whose domain con-
sists of all binary strings, and whose type is determined by the successor functions
L and R, the unary relations Q4, @b, and Q.. In other words, we have the structure

3

Aﬁo. Hw*. NL. k. @n, mwu mﬁv.

This structure is indeed richer than 7 just because it contains more information
about the tree than the original structure 7 itself. , : .

We explain this in a general setting. Given a X-valued tree (v, 7); with
Y ={a1,...,an), we expand T by considering the structure

, AQnN. N.: w, @ht AL ] mn:v,

where ¥ = {ay, ..., a,}. We denote this structure by 7. The type of 7, thus
consists of two unary operation symbols and 7 unary relation symbols.

There is another way to look at the structures of type 7 ,,. We explain this
using the next example. N

Example 6.5.2 The alphabet is {a, b, c}. We identify the alphabet with the subset
of the alphabet {0, 1)? ini such a way that

0/’ 1/ - \1
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Now thie valuation v considered in Example 6.5.1 can be expressed as
ﬁ va if In(ju| = 3n),

va if In(lu) = 3n+ 1),

v(u) =

ﬁ if In(lu] = 3n +2).

Letus analyze this example in detail. The valuation v defines the pair (X1, X2)
of subsets of 7 as follows. A node # belongs (does not belong) to X if and only
if the first coordinate of the letter v(u) is 1 (0). Similarly, # € 7 belongs (does

not belong) to X if and only if the second coordinate of v(u) is 1 (0). Hence we
see that

N

X1

m:__;_HuF:mSWC? [ 4| =3n+2,ncw},
X, ={u| _=_Hm=+?=mn&C§ | _:_H.w=+m.:m8v.

Consider the sets X and X just above defined. The pair X = (X1, X2) determines
avaluation vy as follows. Forall u € 7,
() — [ €1
CN A:v - € ’
where ¢; = lifandonly if u € X;. Then foreveryu € 7T, vy (u) belongs to {0, Sw
and equals v(«). Note that since

Q) () (1)

we also have vg = vy. ‘

Thus, informally we can conclude with the following comments about the
-above example. If we know v, then we know the structure 7 v- If we know 7, we
know v. If we know v, we know the pair (X1, X3). If we know the pair (X1, X»),

+ then we know v. Roughly speaking, the three objects, v, T, and (X1, X,) are

essentially the same and possess, in some respect, the same information.

6.5.2 - Definable Relations. Consider the tree structure 7. Let P(7) be the set
of all subsets of 7". In this subsection we are interested in relations in 7~ that can be
expressed in the monadic second order language of the structure 7. We formally
define this concept in the next definition. v

Definition 6.5.1 Let R be a subset of P(T)"* x T*. We say that R is definable

if there exists a formula ®(By, ..., By, Xy 11, - <+ X ) such that the relation
R coincides with

.AAW—w M ] w§lk.®§|k+r U ] WSV _ Q« _Hu GAWH. ey wslw.wi.l\i-? “ae QWSVW.
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Thus, R is definable if there exists a formula such that R consists of all the
tuples that make the formula true in the tree T. We consider several examples of
definable relations on 7. :

Our first example shows that the usual subset relation among subsets of T is
a definable relation.

Example 6.5.3 The formula X C Y is defined as

L

M Vzze X — z €Y).

Thus, when X and Y are thought to be A and B respectively, where A and B are
subsets of T, the formula X C Y is satisfied under this interpretation of X andY
if and only if A is indeed a subset of B.

The next example shows that all the subsets that are closed with respect to
the unary operations L and R are definable. We say that A C T is algebraically
closed if L(a), R(a) € Aforalla € A.

Example 6.5.4 Consider the formula Sub(X):
Vx(x € X - L(x) € X & R(x) € X).

Thus, assume that we SRGNW X as a subset A of the tree T. Then Sub(A) is
satisfied if and only if for all elements a € A we have L(a), R(a) € A. Thus,
Sub(A) is satisfied if and only if A is algebraically closed.

We give an example of a closed set in 7. Suppose A is the set of all nodes
that occur after a given node u, thatis A = {a | u < a}. Then certainly for all a,
ifa € A, then a0, al € A. Hence 7 |= Sub(A), and A is algebraically closed.

We recall that we have the naturally defined prefix relation on 7. We denoted
this relation by <. It turns out, as the next example shows, that the prefix relation
on the nodes of the tree is also definable.

Example 6.5.5 We define the following formula denoted by x < y:
VXSub(X) &xe X > yeX).

Then for any two nodes x; y &E.N,‘, x <y ifand only if x is a prefix of y.

Thus, we see that the partial order < is a definable relation on 7.

In the next example, we show that the lexicographic ordering on the tree T
is definable. The lexicographic ordering < is defined as follows. For all u, v € T,
u is lexicographically less that or equal to v if u = v or u is a prefix of v or the first
symbol of v that is not equal to u is 1. Thus, if the first (from left to right) symbol
where v differs from u is 1, then 4 < v. .
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.Example 6.5.6 We define the following formula x < y: ~

x<y\/ 3L@) < x & RE) <)

It is not hard to see a < b is true in T if and only if a is lexic ]
= 0, hicall
to or less than b. 7Y s an el

~ We leave the reader to prove the following exercise.
Exercise 6.5.1 Show that < is a linear ordering on the set T.

Definability of the lexicographic ordering allows us to define finite subsets
of the binary tree 7.

Example 6.5.7- Consider the following formula Finite(X):
L VY(Y CX&Ix(x € V) = ITnVy(y € Y — x1 <y & y <xp)).

This \Q::x.S states that Finite(X) is .Sm.%m& ifand only if every nonempty subset Y
of X wﬁ. minimal and maximal elements with respect to the lexicographic ordering.

Exercise 6.5.2 Show that the set of all paths through the tree T is definable.

Exercise 6.5.3 Let n be a fixed positive number. Show that the set of all finite

X C T such that X has nk elements for some k and X i b 1
definable ‘ is a subset of a path is

a.,m..u From Rabin Automata to Formulas. Let.4 = (S, {sg}, M, F) beaRabin
automaton over the alphabet X. We can suppose that ¥ = {0, 1} for some m € w.

Let By, . o By be subsets of 7, and by, 41, . . . , by, be some elements of 7.
We sometimes denote the sequence

MWT ....WSI\?WSI\?TT ...,Wﬁ

anm“w. Each such sequence and a node u € T define a symbol v(u) of the alpha-
et X

v@u) = (€1, ..., €m),

where for each j, € j=lifandonlyifu € B j ot u = bj. Thus, we have a valuation

v of the tree 7. We denote this X-valued tree by
tree(B, b).

The opposite is also true: any X-valued tree (v, 7) defines an m-tuple of sets
.ANT .v+y Xm), whereforeachi,1 <i < m,andeachu € 7,uisin X; (notin X;)
if and only if the ith component of v(x) is 1 (0). So, we see that there is a :&E.m_
one-to-one correspondence between all X-valued trees and m-tuples m», subsets of
7. We note how we used the fact that m is fixed and is such that & = {0, 1}™.

- The following theorem shows that the notion of acceptance for Rabin au-
tomata is expressible in the monadic second order formalism.
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Theorem 6.5.1 There exists a procedure which, given a Rabin automaton A =
(S,M,T,F) over & = {0, 1})"", constructs a formula ®(X1, ..., Xm), where
X H_. ..., X,u are set variables, such that for all subsets B = By, ..., By, C T the
following property holds:

A accepts tree(B) if and only if (T, L, R) satisfies ®(B).

'
.

?

Proof. The proof follows the ideas of the proof of the &Bﬁﬁ theorem for
Biichi automata. We can assume that the initial state / contains one state only.

Since S is a finite set we can also suppose that
S={0,1,...,p}

with O being the initial state. Leto € % ,cn of Em moH.B

€]

€m

where each ¢; € *.o_ 1}. We define the formula @, (x, Mv. where X is X1, ..., Xm»

“as follows: , o m
AVQCPNT..:NSV = x el Xi&...x e X

where €€ is € if € = 1, and ¢ otherwise. .

Informally, this formula codes the letter o € X by saying that the value of
tree(X) at node x is o. We note the following fact. Let By, ..., By, be subsets of
T . Then for every u € T there must exist some o € X such that &, (u, B) holds.

We conclude that the formula. . :

v | \/ @s(x, B)

oeEL

is satisfied in (7, ro, r1). We also recall that for each X:-valued tree (v, /b)) Eon.o
exists a sequence B = By, ..., By of subsets of 7 such that tree(B1, ..., Bp) is
exactly (v, 7). , .

Wom Yo, Y1,...,Yp be set variables. The desired formula involves these set
variables. The intention is that each Y; represents the wS.S i of En.mﬁoiﬂoz \»
In the desired formula these set variables will be existentially quantified. We write

"down the following formula and denote it by UClQ, where Y is Yp, ..., ¥p:

&, i~z e iz e ¥) &Vx | \/xe¥;|.
, isp
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.The intention is that we want to express the fact that the automaton .4 cannot be
in two distinct states simultaneously.

We define another formula Dg i (x, X, Y ) and explain its meaning. The for-
mula is

€Y & by(x, X) —> <
(j.k)yeM(i,o)

(L(x) € Y; & R(x) € Y).

Emoﬂam:vu the formula corresponds to the fact that if A is in state i and the
next input signal is o, then the automaton splits itself into two (left and right)
copies such that the left copy is in state j and the right copy is in state k so that
(j, k) € M(i, o). The following note concerns this formula. Suppose that u € T
and By, ..., By C T.Leto € X be such that (7', L, R) satisfies &, (u, B, 7).
Then if the formula .

AYp...3Y,(Py,i (u, B, T))

is true, there exists a (J, k) such that L(u) € Yi,Rw) e Yy and (U, k) e M(i,0).
. Finally, the last formula we need is the formula F (Y), which states that for
any path 7, there exists 2 Q@ € F and an x € 7 such that the following properties

hold:
LYy zx— Vgye?).

2. For any j € Q and for any z > x if z € 7, there exists a ¥ = z for which
yeYjandyen,

It is not hard to see that the formula F is expressible in the monadic second order
logic. This formula is intended to code the notion of successful computation.
Now we write down the desired formula ® (X1, ..., X,,):

C3Y0... V(DY) & 0 € Yo & Yx(&ies,pex ®o,i(x, X, V) & F(T))).

« Our goal is to show that this formula satisfies the theorem. We need to prove
5& for all subsets By, ..., B,, € 7 the automaton A accepts tree(By, ..., B,,)
ifand only if 7 = ®(By, ..., B,).

Take subsets By, ..., B,,. Consider the 5-tree

tree(Bi,..., By).

Now let us assume that the X -valued tree tree(By, . . ., By,) is an input of the Rabin
automaton .A.
Suppose that A accepts tree(By, ..., B..). Therefore, there exists a run
r:7—-3S

such that for any path 7 the set {s | r(x) = s for infinitely many x € 7} belongs
to F.



346 6. Applications of Rabin Automata

We need to prove that

~N| T eﬁwr RECECE ] WSV.

that is, we need to show that there are subsets Dy, ..., D, on the tree 7" such that
the interpretation ¥; — D;,i =0, ..., p, makes the formula ® (B, ..., By) true
in7. ;
Here is how we define each D;,i =0, ..., p:
bmH*amﬂ_nQvux. .

The mo:sz ®(By, ..., By) ::aon this interpretation of ¥; — D;,i =0, ..., p,
is satisfied in 7.

~ Now suppose that ®(B1, ..., By) is satisfied in 7. ¢<o want to show that A4
accepts the string tree(By, . . ., By). There are subsets Dy, ..., D p of 7 such that

the formula ®(By, ..., By) becomes satisfied in 7 when we interpret the variables
Y6, ..., Ypas Dy, ..., Dp, respectively. . ,

For every x € T, we consider the set Dy(y) such .&mﬁ # € Dy(x), where
1 < r(x) < p.Hence we have a mapping r from 7 into S. Now using the
definition of ®(X), one can check that the function r(x), x € T, is a run of the
automaton A on the tree Q,naQ‘ Bi, ..., By). Moreover, the run r is a successful
run, OJ

Exeicise 6.5.4 Prove the theorem above in greater detail.

6.5.4 From Formulas to Rabin Automata, Our goal is to show the converse
of the theorem proved in the previous subsection. In other words, m:\os a formula
of the second order monadic logic of the structure 7°, we want to construct a Rabin
automaton whose successful runs correspond to interpretations of the variables that
make the formula satisfied. We consider several examples to explain the idea.

Example 6.5.8 Consider the formula x; € X1. We define a Rabin automaton A
over the alphabet {0, 1}? as follows:

- i
1. The set of states is S = {sg, f}.~ -
2. sg is the “guessing” state and is the initial state.

3. The transition diagram M is defined as:
(@ M(f, (D) =M, (o) = {(f, N}

(b) M(sg, ()) = M(sg, (§)) = {(sg, ), (fs 5g)}-
() M(sg, (1)) =1{(f, N}

4. F =11
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.. The connection between the automaton and the formula x, € X\ is the following.
Forall By C T and by € T, the automaton A accepts the tree tree(By, by) if and

only ifby € By. In other words, tree(By1, by) € L(A) ifand only if T = (by € B)).

Example 6.5.9 Consider the atomic formula ro(x1) = x,. We define an automaton
A over the alphabet {0, 1}? as follows.

1. The set of states is S = {sg, 51, f}.
2. sg is the “guessing” state and is the initial state.

3. The transition digram M is defined as:

@ M(f, Q) = {(f, HY
S (b) M(sg, (§)) = {(sg, 1), (S 50)}-

N

L © Mg () = (Gs1, )
L@ ML) =)

L4 F=lr

The connection between the automaton and the formula ro(x1) = x; is the Jollow-
ing. For all by C T and by € T, the automaton A accepts the tree tree(by, by)
if and only if L(b1) = by. In other words, tree(by, by) € L(A) if and only if
T = L(by) = by, ,

_Now we give a definition. The definition requires some notation. From now
on, X and X denote the sequence X1, ..., X, of set variables and the sequence
Xm—k+1, - -  » Xm Of individual variables, respectively. We use similar notations for
sequences of sets and elements in 7. For example B C A simply means that
By, ..., By is a sequence of subsets of A.

“Definition 6.5. 2 Let (X, ) be a formula and let A be a Rabin automaton over

{0, 1}, The automaton A represents d(X, %) if for all subsets B CTand

elements b € T, the automaton A accepts tree(B, b) if and only if T satisfies
o (B, b).

The two examples above show that the formulas x5 € X{ and L(x;) = x,

- _are represented by automata.

Exercise 6.5.5 Show that the following formulas are represented by Rabin au-

tomata. N

1. Sub(X):

Sub(X) =Vx(x € X > L(x) € X & R(x) € X),



348 6. Applications of Rabin Automata
2. x <y: .
: VX Sub(X) & x € X - y € X).

3. 11(x) = tp(y), where | and t; are fixed terms of the structure T .
4, t(x) € Y, where t is a fixed term.

Lemma 6.5.1 Suppose that Rabin automata Ay and Ay represent the formilas
&1 (X, ¥) and (X, %), respectively. Then there exist Rabin automata represent-
ing

(X, Dpda(X, B), ~®1(X, %), Qixi P1(X, %), and ;X ;®1(X, %),
wherep € {\/, & —}, Q; eV, 3, j=1,....m—ki=m—k+1,...,m

Proof. Given Rabin automata A; and Aj, we can consider the automata
A1 & Ay, Ay x Az, and AS that accept the union L(Ar) |J E\Sv,.ﬁ:n intersection
L(A1) (N L(A2), and the complement of L(A;), R%aoaé@.ldmﬁm the assump-
tion that for each i = 1, 2 the automaton A; represents ®; (X, x), and using the
fact that Rabin recognizable languages are closed under union, intersection, and
complementation, we see that the automata

represent the formulas -
(X DV eXD), X HEGAX, D, ~01(X,),

respectively. This can be proved in a standard way as we did for Biichi .,EQ.VE&P

Now suppose that & (X, %) is IX; @1 (X, X). Without loss of generality, we
can assume that X; = X. Consider the Rabin automaton A1 over the alphabet
% = {0, 1} which represents the formula ®1(X, x). The alphabet X is X1 x
%9, where X; = {0, 1} and ¥3 = {0, 1y*—1. By the Projection Theorem about
Rabin recognizable languages, there exists an automaton B which accepts the
projection pro(L(A1)) of the set L(A1). Then it is not hard to see that B represents
X i (X, %). ,

Similarly, one can prove that there exists an automaton which represents
Ax; O1(B, bk 1, -+ 5 Xjy -0, bp). O

Exercise 6.5.6 Finish the proof of the lemma in greater detail.

Lemma 6.5.2 Let ® be an atomic formula. There exists an automaton which rep-
resents P.

Proof. The first two examples at the beginning of this subsection show that
the lemma is true for the atomic formulas x, € X1 and L(x;) = x3. For the other
atomic formulas see Exercise 6.5.5. O

From the above lemmas we have the following theorem.
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Theorem 6.5.2 There exists a procedure which for every monadic second order
formula ® (X, X) constructs a Rabin automaton A representing the formula.

Proof. We first note that the operations that produce Rabin automata accept-
ing the union, intersection, complements, and projections of Rabin recognizable
languages can be carried out effectively. Now the proof of the theorem is by in-
duction on the complexity of the formula ®(X, ¥). The lemma above proves the
theorem for atomic formulas, that is for the basic step of our induction. Lemma 6.5.1
of this subsection proves the inductive step and hence the theorem.

6.5.5 Definability and Decidability. Consider the set P(7") of subsets of 7.
Let R be a collection of m-tuples of subsets of 7. We recall that R C P(Ty™ is
definable if there exists a monadic second order formula & (X1, ..., X)) such that
R ={(B1,...,Bn)|T2 = ®(By,..., Bn)}. The relationship between {0, 1}™-
valued trees and m-tuples of subsets of 7 suggests the following definition.

Definition 6.5.3 The set R C P(7)™ is Rabin definable if there exists a Rabin
automaton A such that the language

Lg = {tree(B) | B € R}
is wnn%mmm by the Rabin automaton A.

Thus, by this definition any set R of m-tuples of sets naturally determines
the language Ly of {0, 1} -valued trees. The two theorems proved in the previous
two subsections give us the following fundamental result that connects Rabin
recognizable languages with definable relations.

Theorem 6.5.3 A set R C P(T)™ is definable if and only if R is Rabin definable.

. Proof. The proof is in fact provided in the previous two subsections. The-
orem 6.5.1 shows that any Rabin definable relation is definable. Similarly, The-
orem 6.5.2 shows that any definable relation is Rabin definable. The theorem is

proved.

,_._Eowa-:a.m.aﬁ&Eo:a&nhmng&s&m:wme@ &agohznom.&o:ﬁ%E:h.ww,w
is decidable.

Proof. Let ¥ be a sentence. We want to check whether or not belongs to
S$2S5. We can assume that ¥ is equivalent m@ﬁ formula either of the form 3x & (x)
or of the form 3X®(X). Consider the case when the sentence W has the form
X P (X). The case when W is of the form Ixd (x) is treated similarly. There exists
a Rabin automaton A that represents @ (X). Therefore, for all subsets B 1 € 7,the
structure 7" satisfies @ (By) if and only if the Rabin automaton A accepts tree(Bj).
Thus, there exists a By C T such that 7 satisfies ®(By) if and only if there exists
a tree of the form tree(B;) accepted by A. It follows that IX &(X)istruein T
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if and only if L(A) 7 @. Thus, we have reduced the satisfiability problem for
3X®(X) to the emptiness problem for a Rabin automaton representing @ (X).
Since the emptiness problem for Rabin automata is decidable, we see that S2 is
also decidable. This proves the theorem.

6.6 The Structure with @ Successors -

The structure with @ successors is more complex than the structure 7 with two
_successors. Informally, the structure has infinitely many successor functions. Intu-
itively the structure with infinitely many successors has more information than the
structure 7. However, we will show in this section that the structure with infinitely
many successors can be interpreted in 7. . .
Formally, the structure with w successors, denoted by 7, is defined as fol-
lows.

1. The domain T, is the set of all finite words over the infinite &vrm‘ooa
{0, 1,2, 3,...}. In other words, o

T, ={0,1,2,3,...}~

2. The structure has infinitely many unary successor operations denoted by
70, 1,12, - . . . ‘Bach r; is defined as follows. For all u € T,

>

ri(u) = ui.

3. The structure contains the prefix relation <. For all u, v € Ty, u < v if and
only if either # = v or u is a prefix of v.

4. Finally the structure contains the lexicographic ordering <. Forallu, v € Ty,
u < v if and only if there exists a prefix z of both # and v such E&. for some

i<j,ri@@<wandr;(z) <v.

Thus, the structure 7, we have just defined is written as:

QIS“ANJEM\O.NT..;A Av.

— —

We note that unlike the case with two successors, the relations < and < belong to
the type of the structure 7. Our goal is to show that the monadic second order
theory of the structure 7 ,, denoted ,cu\ SwS, is decidable.

In order to show that SwS is decidable we proceed as follows.

1. We'will oonmgu,oﬁ a definable subset D of 7,

2. By induction on i, we will construct a unary function f; on D such that f;
is definable. :
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o

3. We will also construct two definable relations <; and <1 on D.

4. We will then guarantee that the structure 77, is isomorphic to the structure
(D, fo, f1,+ens <1, X1).

Given the fact ﬁr.ﬁ T o is isomorphic to the structure (D, fo, f1,..., <1, 1), by
Proposition 6.4.1, these two structures have the same theory. mminlm Elomn D,
\.P ooy Jiy ooy <1, and < defined, we then can show that the monadic second
order theory of 7T, is decidable.

The lemma below shows that it suffices to construct the set D, functions f;
relations <1 and < that satisfy the conditions above. .

Lemma 6.6.1 If there exist D, f;, i € w, <1 and =1 that satisfy conditions (1)
(2), (3), and (4) stated above, then the theory SwS is decidable. .

Proof. The idea is quite simple. We take any sentence ¢ of the structure 7,
and transform it into a sentence ® of the structure 7. The transformation should
preserve satisfaction: @ is satisfied in 7', if and only if &) is satisfied in-7". Since
525 is decidable, we then see that SwS is also decidable.

. Here now is the process for the transformation of ® into &), The process uses
E.n. fact that the functions f;, relation <;, <; and the domain D are all definable.
First, we transform any term g of the language of 7', into the term gq' by replacing ,
each r; occurring in ¢ with f;. Then we have the following:

. * The atomic formula g € X is transformed into the formula q' € X, where g
. isaterm

* The atomic formula g1 = ¢;, where g1 and ¢, are terms, is transformed info
the formula ¢{ = g¢5. .

....H.romozd:_mm\«mz.mnmxMwﬁoqmsmmoﬂammmaox Muwmzmx,ﬂ?
respectively. : N

« * The formula (®1&®,) is transformed into ?&:%«0%&.

The formula (®; < ®,) is transformed into AGMD < e% J.

SN
The formula (®; — ®,) is transformed into AeMc - emcv.

The formula (=®) is transformed into =),

The formula VX & is transformed into YX(X C D — &), Similarly, the
formula Yx® is transformed into Vx(x € D — oMy,

The formula AX® is transformed into 3X(X ¢ D & &), Similarly, the
formula 3x® is transformed into x(x € D & ®O).
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Now it is not hard to see that for any sentence ®, ® is in SwS if and only if
GS isin $25.0) :

Exercise 6.6.1 Finish the proof Q\ the FE:S in greater &&EN

Now our goal is to find the set D and ?zo:o:m fi» i € o, that mmcm@ the
conditions (1), (2),(3), and (4) above. . : ;
Let D be the set

= Jamoro.. 10 k2 1,1 i <km = 1).
The set D contains, for example, all mﬁasmw of the moﬁs 10, 110, 1110, 170, n > O.

Lemma 6.6.2 The set D mu. definable.

Proof. Note that y € D if and o:_u\ if either y = A or R(A) < y and there
is a proper Eomx x of y such that L(x) =y and for every proper prefix x; of y if
L(x1) <y, then R(L(x1)) < y. So.now consider the formula ¢ (y):

=MVIRQN) <y &Ix(x <y&Lkx) =)
& Vxi(L(x1) <y — R(L(x1)) < »)]-

We leave the reader to check that y € D if and only if T satisfies ¢(y). We leave
it to the reader to oroow the rest of the proof.

Exercise 6.6.2 Show that the formula ¢ () ncsz&%& inthe lemma awo,\m defines
the set D.

We are now ready to define functions h , i € w on the set D. Ho define f;,
we need first to define the relations <j and <;. Well, the definitions of <; and <1
are quite easy. We say that x <i y ifand only if x, y € D and x < y, where <is
the prefix relation on 7. “Thus, <; is simply the restriction of < on the set D. The
ordering < is also defined to be the restriction of the o:mE& =< to the mom D.

Lemma a 6.3 Letx € D. Thenthenodes x10, x110, x1110, .. . have the following
properties:

1. The nodes belong to D.
2. Ify € D is distinct from x and
TEx =1 _w%ﬁmbﬂx <1z7&z = wI.VNHx/\NHu\v,
then y = x1"0 for some n > 1. Moreover,

x10 < x110 <7 x1110 = - -+,

Then
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Proof. We leave it to the reader to prove the lemma in the exercise below.

'
o

Exercise 6.6.3 Prove the lemma above.

For each x € D, we call the elements
x10, x110, x1110, ...

D-immediate successors of x. Now we define the operations fp, f1,...by :a:o.
co: oni.

uw»m_n Step. fo(x) = y if and only if x,y € D and y is the smallest D-
immediate successor of x with respect to the lexicographical ordering <1 such that
X =1 ).

Induction Step. Suppose that fj, ..., f; have been defined. Then f; 4 (x) =
yifand only if x,y € D and y is the mBm:omﬁ D-immediate successor of x with
respect to the lexicographical ordering < such that y # fi(x) for all k < i.

Exercise 6.6.4 Let x € D. Prove that f;(x) = x1!110 for all i.
\ ‘The next lemma (and the exercise) shows that each function f; is definable.
YH..WEE» 6.6.4 Each function f;, i € w, is definable..

Proof. Clearly, fj is definable because so are the set D and the relation
<1.Assume that fy, ..., f; are definable. Then clearly f; 1 is definable since the
definition of f;| involves the definitions of D, fy, ..., f;, and < and <1. This
proves the lemma.

Exercise 6.6.5 Write down, by induction, the formulas defining each of the func-
tions f;, I € w.

Lemma 6.6.5 H}m structure (D, fo, f1, ..., =1, X1) is isomorphic to the struc-
Q& T o

Proof. We define a mapping g from 74, on D as follows. Let u be in Tj,.

u=rig(...@i,(A))...)
for some sequence r;y, ..., r;, of the successor functions. Note that A € D. Then
we set g(u) to be
Jio G (i, M) - )

It is not hard to see that g is indeed an isomorphism from 7, onto (D, fo, fi,...,

<1, <1). The lemma is proved.

From these lemmas we obtain the following theorem.
Theorem 6.6.1 The theory SwS is decidable. (1

Exercise 6.6.6 Let T, be the structure with exactly n successor functions, n > 2.
Consider SnS, the monadic second order theory of T ,. Prove that SnS is decidable.
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6.7  Applications to Linearly Ordered Sets

We recall that a partially ordered set (A, <) is linearly ordered if forall x,y € A
eitherx < yory < x. Werefer the reader to the first chapter to go through some ex-
amples of linearly ordered sets. The goal of this section is to prove that the monadic
second order theory of all countable linearly ordered sets is decidable. In order to
prove this result we need to present two simple but interesting algebraic theorems
about linearly ordered sets. The first result states that any countable linearly or-
dered set can be embedded into the linearly ordered set of rational numbers. The
second result states that two dense countable linearly ordered sets with no greatest
and smallest elements are isomorphic. The proofs of these results are not hard but
constitute a basis for the known back and forth argument constructions in model
theory and algebra. The first subsection will be devoted to proving these algebraic
facts. In the second subsection we will show that the monadic second order theory
of all'(countable) linearly ordered sets is decidable.

6.7.1 Two Algebraic Facts. We begin with the following definition, important
in achieving the goal of this section. Roughly, the definition formalizes the concept
of one linearly ordered set being inside some other linearly ordered set. .

Definition 6.7.1 Alinearly orderedset (B, <) is embedded into a linearly ordered
set (A, <) if there exists a mapping f from B into A such that

L. forallx,y € B, if x <y, then f(x) < f(y);
2. for all distinct x, y €A f(x) # FO).
The function f is called aw: embedding of (B, <) into (A, <).
Example 6.7.1 Every finite linearly ordered set is mivm&&m& into (w, <).

To see this take a finite linearly ordered set (A, <). List all elements ap <
.++ < a, of A in the order of A. Map each g; into i. The mapping is an embedding
of (A, <) into (w, <). In fact, one can show that any finite linearly ordered set can
be embedded into any infinite linearly ordered set.

Example 6.7.2 The linearly ordered set (w, <) is embedded into (Z, <). In turn,
(Z, <) is embedded into (Q, <), where Q is the set of all rational numbers.

Exercise 6.7.1 Letk be aninfinite linearly ordered set. Show that all finite linearly
ordered sets can be embedded into ¥..

Informally, if a linearly ordered set (B, <) is embedded into linearly ordered
set (A, <) then we can assume that (A, <) is bigger than (B, <). A natural question
arises as to whether there exists the largest (countable) _Enmaw ordered set. The
next theorem answers the question positively.
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Theorem 6.7.1 Any countable linearly ex.&wwm& set (A, <) can be embedded into
(@, <), that is the linearly ordered set of rational numbers ordered naturally.

Proof. Since A is countable we count all elements of A without repetition:

ag,at, az, ..., 04y, ...

- Note that the sequence above is not necessarily in increasing order with respect

to the ordering in A. Now we build our embedding from (A, <) into (Q, <) by
stages. At éach stage we define a mapping f; on a, and set f; to be equal to f;_; on
allag, ..., a;—1.Thus f; will extend the previously defined mapping f;_;. We then -
set f to be the mapping obtained by taking the union of all f;s. The construction
then will ‘guarantee that f is the function that sets up an embedding from (A4, <)

into (Q, <).

Stage 0. We send ag to any rational number we like, say gg. So we set fo(ag)
= 40 _

Stage 1. We take a;. There are two cases to consider. The first case is that
a0 < aj. In this case we assign to a; any rational number we like, say ¢, which is
greater than gg. The second case is that ag > ap. In this case we assign to a1 any
rational number we like, say g1, which is now less than gg. In either case we set
J1(a1) = g1 and fi(ag) = fo(ao). Clearly, fi extends fp.

Stage t + 1. Assume that we have defined the function f; at the previous
stage. >mm=3@ that f;(ao0) = qo, ..., fi(a;) = q;. Let us list all elements from
{ag, ..., a;} in strictly increasing order with respect to the ordering < in A:

QS AQ: <--=<a.

QJ - .
w% the inductive assumption on ﬁro function f;, we can m_mo assume that we have

the following sequence of rational numbers in increasing order (with respect to the
ordering of rationals):

, Gipg = qi; <+ < qj,.
Zoé take ;1. We want to assign a rational number g,..; to the element ;1 so

that for all x, y on which Jry1 is defined, x <'y if and only if Je+1(x) = fir1 ().
For a;4.1 we now have three cases.

Case 1. asy1 is greater than all q, .. ., g;. In this case we assign to ay41 any

‘rational number we like, say qr4.1, which is greater than all qq, .. ., ¢;.

Case 2. ;41 is less than all g, ..., g;. In this case we assign to a1 any
rational number we like, say g;..1, which is less than all qq, ..., g;.

Case 3. Assume that a4 is between a;, and a;,,, for some 0 <k <t — 1.
In this case we assign to a;1 any rational number we like, say gs.1, which is
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between g;, and g;,,,. Note that such a rational E::voa exists since between any
two distinct rational numbers there exists another one.

Now set fi+1(@+1) = ¢:+1 and leave the value of f;4q onallag, ..., a; as
before and go on to the next stage. :

Thus, we have described our construction at stage ¢ + 1. We set f to be the

union of all f;s, t € w, constructed. In other words in order to compute the value

'

of f on an element a, we do the following. We find the stage ¢ at ,S:o: S = q.
Compute f;(a;). Set f(a) to be fi(a;).

Now we leave it to the reader to check that f is indeed a desired isomorphic
embedding from (A, <) into (Q, <).O

Exercise 6.7.2 Show that the mapping f constructed in Sw proof of the theorem
sets up an isomorphic miwm&&:%

Exercise 6.7.3 Prove that (0, <) cannot be embedded into (0™, L), where w™ is
the set of negative integers.

Exercise 6.7.4 Give an SSSE& of a countable linearly ordered set (A, <) with
the following properties:

1. Any countable linearly ordered set can be embedded into (A, <).

2. The linearly ordered set (A, <) is not isomorphic to the linearly ordered set

(0, <) o\ ana&.ﬁ

We now will prove the second fact about linearly ordered sets. The facts
basically tells us that any linearly ordered set which exhibits properties of the

- rationals (Q, <) is in fact isomorphic to the rationals. The linearly order set of the

rational numbers (Q, <) has So following two properties:

1. (Density) For all x,y € Q if x < y, then there exists a Z € Q such that
x<z<)y.

2. The linearly ordered set (Q, <) possesses neither a greatest nor a smallest
element, that is, for any x € Q, there exist elements y,z € Q such that
x <yandz < x.

Definition 6.7.2 >.§:m&w€ ordered set (A,
neither a greatest nor a smallest element.

<) is Q-like ifit is dense and possesses

‘Now we prove our second algebraic fact about linearly ordered sets.
: N ‘

Theorem 6.7.2 Two countable Q-like linearly ordered sets are isomorphic. In
particular, every Q-like countable linearly ordered set is isomorphic to the linearly
ordered set of rationals (Q, <).
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Proof. The proof uses the idea of the proof from the previous theorem. So let
(A, <) and (B, <) be two countable Q-like linearly ordered sets. We prove that
these two are isomorphic based on the known back and forth argument, a refined

_ version of the proof from the previous theorem. We construct an isomorphism from

(A, <) onto' (B, <) by stages. At even stages we make sure that elements of A are
being assigned to elements of B and at odd stages we make sure that elements of
B are covered by elements of A.

‘Sinee A and B are countable we count, without repetitions, all elements of

,. A and B:

ao, a1, a3, ..., apy ...,  bo,b1,by, .. by, ..,

respectively. We call the first sequence the A-list and the second sequence E@

" B-list. Here is the construction.

Stage 0. We send ag to by. Set fy(ag) == by.

Stage 1. We take by. There are two cases to consider. The first case is that

~bo < by. In this case we assign to by the first number g;, in the A-list which is

" greater than ag. The second case is that bg > by. In this case we assign to b the
.~ first a;, in the A-list which is less than ag. In either case we set fi (ai;) = b1. Note

.that in either case the element a;, -exists.

_mbm t+1 = 2k. Assume that we have defined the function £; at the previous

-stage. List all the elements in the domain of f; in increasing order with respect to
-the ordering in A,

Qig < @iy < -+ < aj,.

: ‘wu\ the inductive assumption on function f;, we can assume that we have the

_..o__os?m sequence of elements in B listed in increasing order with respect to the
ordering in B,

big < by <.+ < by,
“so that fi(ai,) = big, ..., fi(ai,) = b;,. The induction hypothesis also allows us
to assume that the elements a, ..., ax—1 belong to the domain of f;. Now take

the first element a;, ,, in the A-list which does not belong to the domain of f;. We
want to assign an element b;,, , to a;,,, so that for all x, y on which f;41 is defined,
x<y if and only if fiy1(x) < fr41(¥). m.oH a;,,, wenow have three cases.

Case 1. a;, + is greater than all gjy, ..., a;,. In this case we assign to a;,,,
the first element in the B-list, say b;,,,, not in the range of f; greater than all
b; b;

03 <y :.

Case 2. aj,,, is less than all ajy, ..., a;,. In this case we assign to a;, +1 the
first element in the B-list, say bj,,, notin the range of f; less than all big, ..., bi,.

Case 3. Assume that a;,, is between a;, and a;,,, for some 1 <k '<r— 1.
In this case we assign to a;,,, the first element, say bi,,,, in the B-list which is
between b;, and bj, .
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We note that in each of the cases above the element b;,, desired exists

because (B, <) is a Q-like linearly ordered set. Now set fiy1(ai,,,) = bi,,, and v

leave the value of f;y.1.onall ag, ..., a;, as before. Go to the next stage.

Stage t + 1 = 2k + 1. Do exactly the same as above by replacing elements
in the A-list with the elements in the B-list. Go to the next stage.

Now we set f to be the union of all f;s, ¢ € w, constructed. In other words,
in.order to compute the value of f on an element a, we do the following. We find
the stage ¢ at which the construction assigns an element b to a. Note that such a
_stage ¢t exists. Compute f;(a). Set f(a) to be fi(a).

We leave it to the reader to check that f is indeed a desired isomorphism
from (A, <) onto (B, <).[

Exercise 6.7.5 Finish the proof of the theorem above by showing that the function
f ne:&ﬁ:&w& is indeed an isomorphism.

| Exercise 6.7.6 Give examples of two uncountable. m like linearly ordered sefs
which are not isomorphic.

6.7.2 Decidability. In this part we use the two algebraic facts proved in the
previous subsection in order to show that the monadic second order theory of
countable ::nmlv\ ordered mnﬁm is decidable. Here is the main theorem of this
section. - :

Theorem 6.7.3 ﬂmw monadic second order theory of all countable linearly ordered
sets is decidable.

Proof. We begin by explaining the idea. We show that there exists a definable
subset D of the binary tree 7 and a definable relation <p on D such that (D, <p)
is a linearly ordered set isomorphic to the linearly ordered set (Q, <) of rational
numbers. Then by the theorem about embeddings of linearly ordered sets into

“(Q, <) (see Theorem 6.7.1), we have the following. For every linearly ordered set
(B, <) there exists a subset C C D such that (B, <) and (C, <p) are isomorphic.
Therefore, the set of all sentences of the monadic second order logic true in all

_ countable linearly ordered sets coincides with the set of all sentences that are true
in all (C, <p), where C C D. Hence the idea is to take any sentence F of the
monadic second order language of linearly ordered sets and transform it into a

_sentence F @) of $2S. The transformation should preserve the truth value of the
sentences. In other words, F® is in $2S if and only if F is true in all linearly
ordered sets. :

Now we implement the idea described above. Let D be
= {ul01 {u € 7 and the string 101 occurs in #101 just once}.

Lemma 6.7.1 The set D is definable.

¢ that the following conditions are satisfied:
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Proof. It is easy to check that 4 € D if and only if there exists a v < u such

L ri(ro(r1(v))) = u.
2. Forall v; < u itis not true that 71 (ro(r1 (v1))) < v.

O_oﬁg the statement above can be expressed in the monadic second order logic
Om two successors. The lemma is Eoﬁ&

* We denote the formula that aom:om the set D in the lemma above by D(x).
Let <p be the restriction of < to the set D. Since < and D are definable we see
that <p is also a definable relation.

‘Lemma 6.7.2 The pair set (D, < D) is isomorphic to the linearly ordered set (Q,
~.A|v of rational numbers.

Proof. Since <p is obtained by restricting < to the D and < is a linear
~ordering on the set of all nodes of the tree 7, clearly (D, <p) isa _Ewmaw ordered

~set. We need to show that (D, <p) is Q-like. Then by Theorem 6.7.2, the lemma
. will be proved.

Let#101 bein D. Thenu1101 and #00101 are both in D. Note that u 101 <D
#1101 and 200101 <p #101. We conclude that (D, <p) has neither maximal nor
‘minimal elements. Now assume that 2101 =p v101. Then for some w we have the
wo=o§=m. 1101 = wOu1101 and v101 = wlvy101. Then clearly wlv,00101 €
D. We conclude that #101 =p wlv,00101 <p v101. Hence the linearly ordered

-set (D, <p) is Q-like. By Theorem 6.7.2, (D, <p) is isomorphic to (Q, <). The
demma is proved. ‘ .

Now we need to prove the theorem. Let F be a formula of the monadic
second order logic of linearly ordered sets. We transform F into the formula F®
by induction as follows.

o

Basic Step. Atomic formulas x < y and x € X are transformed into x. <pYy

“and x € X, respectively.

¢

Induction Step. If @ is of the form ®{7®,, where T € {(V,&,>}or® =
—®1, then we set © fo be eSﬁGS where 7 € {V,&,—}or ® = JGM:.
respectively. If & i is any of the mozziwm -

Vx®((x), VX1 (X),
then we transform & into
VZVH(Z S D&x e Z— ®(x)), VZVX(ZCD&X < Z—> o1 (x)),
respectively. If @ is any of the formulas

Ay (x), IXP1(X),
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then we transform it into )
VZIX(Z <D —>xeZ&dPx), VZIX(ZCD->XCZ& " (x),

respectively. Now the reader can check that @ is true in all countable linearly
ordered sets if and only if the transformed formula o® belongs to 2. Thus,
we can conclude that the monadic second order theory of all countable linearly
ordered sets is decidable (see the exercise below for details). {1 T

Exercise 6.7.7 Consider the transformation from ® into ®® in the proof above.
Prove that for every sentence ® of the monadic order logic of linearly ordered
sets, ® is true in all countable linearly ordered sets if a:& only if the :.a:.%o::m&
formula ®® belongs to S25.

Exercise 6.7.8 Call a linearly ordered set (A, <) well-ordered if every nonempty
subset of A has a minimal element with respect to the ordering <. Do the following:
1. Show that (», <) is a well-ordered set.

2. Show that if L1 and Ly are well-ordered sets, then so are Li x Lo and
L1 + Lo. (See the first chapter for the definitions of + and - operations.)

3. Show that the monadic second order theory of all countable well-ordered
sets is decidable.

Exercise 6.7.9 A tree is a partially ordered set (A, <) such that for all x € A the
set {y |y < x) is linearly ordered with respect to the ordering < of A. Prove that
the monadic second order theory of all finite trees is decidable.

Exercise 6.7.10 A forest is a partially ordered set (A, <) such that there exist
pairwise disjoint subsets { B;}ic1 such that

L A= Bis
2. foreachi € I, the partially ordered set (B;, <) is a tree;

3. for all distincti, j € I andall x € B;, y € Bj, the elements x and y are not
<-comparable.
Show that the monadic second order theory of all finite forests is decidable.

Exercise 6.7.11 A partially ordered set (A, <) is a linear atlas if there exist pair-
wise disjoint infinite subsets {B;}ic1 such that

1. A=Uer Biy :

2. foralli € I, (B;, <) is a linearly ordered set;

3. for all distinct i, j € I, all x € B;, and 'y € Bj, the elements x and y are
not comparable.

Show that the monadic second order theory of all countable linear atlasses is
decidable.
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m.m Application to Unary Algebras

Hz this section we consider the class of structures known as the class of unary
algebras. The section mrosm that the monadic second order theory of the class of
unary algebras is decidable. The proof, as in the previous two sections, consists of
two parts. First we provide some algebraic facts about unary algebras. In particular,
. we show that there exists, in some sense, universal unary algebras into which all
-unary algebras can be embedded. Second, based on the algebraic facts, we provide
.a reduction of the monadic second order theory of unary algebras to $2S. This
reduction is more sophisticated than the ones used in the previous two sections.

6.8.1 Unary Structures. Unary algebras are simple mathematical structures that
" consistof domains and unary operations on the moEmEm. Here is a formal definition.

Uom.::o: 6.8.1 Aunary algebra is apair (A, f) consisting of a set A called the
a_o-sm:: and a unary operation f 1 A — > on the set A.

So we see that the language of the class of unary m_mo.?mw contains just one
- -functional symbol of arity 1. One can give many examples of unary algebras. Here
-are some of them: .

1. The unary algebra (w, S) whose domain is @ and the unary operation is the
successor function.

2. The unary &mo_ua (w, x — x?), where the unary operation maps every
* _number n to n?
& \J . .
3. The unary algebra (Q,x — 5x), where the unary operation maps every
rational number g to 5 x g. .

¢

A..QﬁmEC&V.2:@8zwmﬁmmoﬁgﬁ_aﬁsﬁswmwm w:a, &s@v Wm:._o&:o
function. : .

‘Our goal is to show that the set of all sentences of the monadic second order logic
which are true in all countable unary algebras is decidable. -

+ Weneed to develop some terminology for unary algebras. So let (A, f) be a
unary algebra. Take an a € A. Consider the sequence:

@), i), f2@,..., fa,...,

where f9(a) = a and f thv F(f*(@)) for all k > 1. We call this sequence
the orbit of a. Set O(a) = {fi(a) |i € a&

Uemimo:.a.m.n Two elements a and b of a unary algebra (A, f) are connected
if for some n,m € w, f"(a) = f™(b). If a and b are connected we denote it by
e : con
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Hence a and b are equivalent if their orbits meet. Thus, if O(a) () O(b) # &,
then a and b are connected. It is not hard to prove the mo:oi:m. lemma.

Lemma 6.8.1 The relation ~ is an equivalence relation. O
Exercise 6.8.1 Prove the lemma.

Definition 6.8.3 A unary algebra (B, g) is a subalgebra of the unary &%mws
(A, fifBC Aandforallb € B, f(b) = g(b).

Thus, for example any orbit O(a) of the unary algebra (A, f) can be con-
sidered as a subalgebra of (A, f) because f(x) € O(a) forall x € O(a).

Let X C A be an ~-equivalence class of the algebra (A, f). Clearly, if
x € X, then f(x) € X. Therefore, X is closed undet the unary operation f. This
allows us to consider the unary algebra (X, g), where g(x) = f(x) forallx € X.
Thus, (X, g) is a subalgebra of the.original algebra (A, f). From the definition
of ~ we see that (X, g) satisfies the following property. For all x, y € X there
exist n, m € w such that f*(x) = f™(y). This observation suggests the following
definition.

" Definition 6.8.4 An algebra (A, f) is connected if for all a,b € A there exist
n,m € w such that f*(a) = f™ ().

. Let (A, f1) and (B, f2) be unary algebras such that A () B = @. Using these
two algebras we can form a new algebra (A |J B, f), where f(x) = fi(x) if
a € A,and f(x) = fo(x) if x € B. We call this algebra the sum of (A, f1) and
(B, f2). Similarly, we can define the sum of infinitely many unary algebras

Ab? .\.ﬂv, A\»N. .\Nv. Ve

where A; (| Aj = @ forall i # j. Thus, the sum is the algebra

(aUaUaUss ),
where for alla € A1 |JA2J A2l JAs---, we have f(a) = fi(a) ifa € A;.
The next lemma shows the reason for introducing the sum of unary algebras.

Lemma 6.8.2 Every unary algebra (A, f) is a sum of connected unary algebras.

Proof. Consider the sequence A1, A», ... of all ~-equivalence classes of the
algebra (A, f). Each A; is closed with respect to f. Consider the restriction of f
to the set A;. Let f; be the restriction. Each (A;, f;) forms a connected algebra as
noted above. The union of all A;s is A. Hence the sum of connected unary algebras
(A;, f;) is in fact the original unary algebra (A, f). The lemma is proved.
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6.8.2  Enveloping Algebras. This subsection explains enveloping algebras. In-

~ formally, these algebras are those that contain all connected algebras as their sub-

- algebras. More formally, we begin with the following technical notion. An n-cycle

. is the algebra ({0,...,n — 1}, f), where f(0) = I,...,f(n —2) = n—1,

f(n — 1) = 0. An w-cycle is the algebra ({0, 1,2, ...}, S), where S is the succes-
sor function. . .

v m Definition 6.8.5 An algebra is called prime if it is isomorphic to either an n-cycle
. for some n € w or the w-cycle.

The next lemma proves that every algebra contains a prime subalgebra thus
justifying the name given to prime algebras.

Lemma 6.8.3 Every unary algebra A contains a prime subalgebra.

~ Proof. Let a € A. Then the set {f™(a) | m € w} forms a subalgebra of
. \A. This subalgebra is either isomorphic to the w-cycle or contains a subalgebra
-, isomorphic to an n-cycle. The lemma is proved.

. Definition 6.8.6 The signature of a connected algebra is n, n € w, if it contains
.a prime subalgebra isomorphic to the n-cycle. Otherwise the signature is w.

. The next lemmas show that the &m:ﬁﬁo of any connected algebra is well
“defined.

. Lemma 6.8.4 The i%:&:»m of every connected algebra is uniquely determined.

) Proof. Let (A, f) be a connected algebra. Take ana € A. Consider the orbit
O(a) of a. If the orbit is infinite, then (A, f) contains a subalgebra isomorphic
to the w-cycle. Since (A, f) is connected, the signature of (A, f) must be w. If
the orbit is finite, then it contains a prime subalgebra isomorphic to some n-cycle.

-Since A is connected any other orbit must contain the same prime subalgebra. This
proves the lemma. - . v .

. Now we explain enveloping algebras. Informally, the enveloping algebra
of signature n, where n is a natural number or w, is an algebra into which any
connected algebra of the same signature can be embedded. This resembles the fact
that any linearly ordered set can be embedded into (Q, <). -

~ Definition 6.8.7 Let (A, f) be a prime algebra. The enveloping algebra (E, g)
- of (A, f) is defined as Jollows. Let N be the set of all positive natural numbers.
_ Let N* be the set of all finite strings over N. Consider

E=A.N*,

On E we define the ::&Q\ER:.Q: g by the rule: g(aiy...ix) = aiy...ig—1 if
k> 1;ifk =0, then g(a) = f(a).
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We note that each element of E is of the form aij ...ix. Note that A is
certainly a subset of E. In Figure 6.1 we present the enveloping algebra, when
A={x,y}and f(x) =y, f(¥) = x. An arrow from a to b means that g(a) = b.

7 7

RNN .N.NM seseresanennn: .X.N.N ceessacarnen evneveenvens

srsessarsnenn eransesesanan
sessresrrnece seesseaceanss

Figure 6.1: An enveloping algebra.

c

We now need one definition in order to state' some properties of enveloping
algebras.

U,amsm:o: 6.8.8 We say that a unary algebra (B, h) is embedded into a unary
algebra (E, g) if there exists a mapping ¢ from B into E such that
« forall b € B, we have ¢ (h(b)) = g(¢(b));
. Jfor nm. by # by in B, we have ¢ (by) # ¢ (b2).
" The next lemma lists several properties of the enveloping algebra (E, g).

Lemma a.w.m The enveloping algebra (E, g) of (A, f) satisfies the following
properties:

1. The signature of (E, g) coincides with the ,awxa:;a of (A, ).
2. For each y € E there exist infinitely many x such that g(x) = y.

3. Let (B, wv,.vm a connected algebra of the signature of (A, f). Then (B, h)
can be embedded into (E, g).

Proof. The proof of (1) follows from the definition of the signature. In order
to prove (2) take any element y € E. Then the unary operation g maps y1, y2, y3,
... into v\,_. We conclude that y has infinitely many x for which g(x) = y. We leave
it to the reader to prove the last part of the lemma. O

Exercise 6.8.2 Finish the proof of the lemma above.

Thus, we conclude this subsection with the next results which, roughly speak-
ing, states that the sums of enveloping algebras are universal objects in the class
of all unary algebras.

Theorem 6.8.1 Every unary algebra can be asg&%& into a sum of enveloping.

algebras. .
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Proof. Let (A, f) be a unary algebra. Then we have m:om&\ shown that
* this algebra is a sum of connected algebras (A1, f1), (A2, f2),.... Consider the
o=<o_ow5m algebra (E;, g;) for each connected algebra (A;, f;). Clearly, A; C E;
and (A;, f;) is a subalgebra of (E;, g;). Moreover, E; (| E; = @ for all i # j.
Also note that the mapping ¢; that maps each a € A; into a itself is an embedding
of (A;, f;) into (E;, g;). Hence, the algebra (A, f) is embedded into the sum of

v,mo=<o_ov§m algebras (E1, g1), (E2, 82), .. .. This proves the theorem.

683 Decidability. In this subsection we use the algebraic facts proved in the

previous subsections in order to show that the monadic second order theory of all
countable unary algebras is decidable. Below is the main theorem of this section.

_ We note that the proof of the theorem contains some exercises whose proofs are

m::o mWEEo and follow from the definitions that will be provided.

.HEaOnoE 6.8.2 The SSB&E second cx&mw theory &a all countable unary &w&wx&
. is'decidable.

Proof. The idea of proving the theorem is the following. We will interpret
_the theory of unary algebras in SwS. We already know that SwS$ is interpreted in
52S. Therefore, the theory of unary algebras will be decidable. Roughly speaking,
the interpretation of the theory of unary algebras in SwS will be done as follows.
We construct a formula F(x, y, Z) in the language of 7', so that the following
‘properties hold:

~ 1. Forevery subset C of 7, the set of pairs (x, y) for which F(x, y, C) holds

“7y true determines a unary operation. Let us denote the unary operation by fc.

A

2. By (1), the structure (Dom(fc), fc) is a unary algebra.
3. The unary algebra (Dom(fc), fc) is a sum of enveloping algebras.

4. For every :.:m@ algebra (A, f) thatis a sum of o=<o_%§m unary algebras,
there exists a C C T, such that (Dom(f¢), fc) is isomorphic to (4, f).

. From the results of the previous subsection we therefore can conclude the
following. Let (A, f) be a unary algebra. Then (A, f) can be embedded into a

“unary algebra (E, f)which is a sum of enveloping algebras. By the assumption on

F(x,y, Z) there exists aset C C T, such that the unary algebra (Dom( fc), fc)is

- isomorphic to-(E, f). Therefore, there must exist a subset C; of the set Dom(fc)

such that (A, f) is isomorphic to (Cy, fc,), where Jc, is the restriction of f¢ to
the set C1. Thus, a sentence is true in all unary algebras if and only if the statement
relativized to all sets C and subsets C; of C that are subalgebras of (Dom(fc), fc)
is true. Consequently, the existence of the formula F(x, y, Z) will allow us to
transform any sentence of the monadic second order logic of unary algebras into

a sentence of 7. This transformation will preserve the satisfaction properties of
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formulas. We will formally show how to make this transformation at the end of the
proof, Let us now concentrate on constructing the formula F(x, ¥, Z).

We explain how to construct F (x, y, Z). The explanation will be clear enough
to see how to write down the formula F (x, y, Z). Let C bé a subset of T, such
that the following properties hold:

1. Ciscontainedintheset {0710™ | n, m > 1}. Note that the set 6505 ln,m >
1} is definable in the language of 7 .

2. For.every n € w, the set C contains at most one word of the form 0”10™.

Note that there exists a formula ®;(X) in the language of 7, such that ®1(C) is
true if and only if C satisfies the two properties above.

_Exercise 6.8.3 Write down the formula ®1(X) whose existence is claimed above.

Now suppose that C satisfies the two conditions above. Take a natural number
n. If there exists an m such that 0"10™ e C, then let

Ap ={0"10'1i=0,1,2,..., m}).
If there does not exist an m such that 0?10™ € C , then let
= {0"10' | i € w}.

Note that the sets Ag, A, Az, ... are pairwise disjoint. Now set B, = A, - N*.
Thus x € B, if and only if x = a,i1 ... i, where a, € Ap, i1,5. ., i are positive
integers and k € w. Define

B =Bo| BB -

Clearly, the'set B(C) depends on the choice of C. Note that there exists a formula
®o(x, Z) such that ®,(a, C) holds if and only if ®;(C) holds and a € B(C).

Exercise 6.8.4 Write down the formula G.N (x, Z) whose existence is claimed above.

As we noted, for C that satisfies the formula ®(X), the sets Ag, Aq, .
are pairwise disjoint. Hence the sets By, Bi, ... are also pairwise disjoint. The
domain of the unary algebra (Dom(f¢), fc) will be the set B(C). We now need
to define the function fc on the set B(C). The idea in defining fc is that each B,
will be an enveloping algebra, the function fc will be the predecessor function
on all elements of B, not of the form 0710¢. The definition of fc on 0*10° will
be different depending on whether or not 0710’ is in C. Here is a more formal
definition of f¢. Take x in B(C). There exists an n such that x is in B,. Then x
is of the form 0"10¢z. Assume that z # A. Then fc(x) = pred(x). If z = A, then
we proceed as follows. If 0710° ¢ C, then f(x) = 0"10°*1; otherwise, e.g., if

o
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0"10° € C, then fc(x) = 0"1. Inother words, fc is the function on B, which acts
as the predecessor on all strings of the type 0" 10'z, where z € N*, and makes a
-cycle of length i on all strings 071, ..., 0" 10 if 0" 10 belongs to C, or makes an
w-cycle if no 0"10! belongs to C, i € w. Thus we have given a definition of the
_unary algebra (B, fc). Note that this algebra depends on the choice of C and is a

. sum of enveloping algebras.

Now we are ready to define the formula F(x, y, N,v. The formula states that
, Eo triple (a, b, C) satisfies the formula if and only if the following holds:

1. C satisfies the following properties:

(a) C c {0"10"|n, m € w}.

(b) For every n € w, C contains at most one word of the form 0"10™.
2. The element a belongs to B(C).
3. The element b possesses the following properties:

(a) Ifa = 0"10°z and z # A, then b = pred (a).

(b) Ifa = 0"10‘ and x & C, then b = ro(a).

(c) Ifa =0"10" and x € C, then b = 0"1.
As already noted, properties 1(a), 1(b) and 2 can be defined in the monadic second
order logic of w-successors. It is also not hard to see that properties 3(a), 3(b) and

uA&om:&mo_uoox?nmmomaﬁ_m_om_o mosooioowsaomzoﬂro aom:na moE::_m
P, y, D). _

Exercise 6.8.5 Write down the formula F(x,y, Z) whose existence is claimed
above.

" 'Lemma 6.8.6 For n@ unaryalgebra (A, f)whichis a sum ofenveloping algebras
< there exists a C such that the algebra (Dom(fc), fc) is isomorphic to (A, f).

¢

Proof. From the definition of the formula F(x, y, Z) it is not hard to see
that there exists C C 7, such that the algebra (Dom(f¢), fc) is isomorphic to
4, .0

Define the following formula AI(U, Z) using the mo:m,_:w F(x,y,2):
YxVy(F(x,y,Z) - (x €e U — y € U)).
Here is an interesting lemma about the formula AI(U, Z).
Lemma 6.8.7

1. Forall subsets U, C of T, Al(U, C) is true in T, ifand only if U is closed
with respect to the unary operation fc, and hence (U, fc) is a subalgebra

of (Dom(fc), fc)-
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2. For any unary algebra (A, f) there exists U, C C Ty, such that (U, fc) isa
subalgebra of the unary algebra (Dom(fc), fc) and (U, fc) is isomorphic

“to (A, f).

Proof. The proof of Part (1) follows &Hooa% from the definitions of the
formula Al(U, Z), formula F(x, y, Z), and the unary algebra (Dom(fc), fc).
Part (2) follows from Lemma 6.8.6 and the fact that any unary algebra can be
embedded into a sum of enveloping unary algebras. This proves the lemma.

Let @ be a formula of the monadic second order logic of unary algebras. We
transform & into the formula ®® by induction as follows:

Basic Step. Atomic formulas f(x) = y and x € X are transformed into
F(x,y,Z)and x € X & X C U, respectively.

Induction Step. If ® is of the form ®;7®,, where 7 € {V, &, IL ord =
—®,, then we set ®®) to be eMcﬁGS, where 7 € {V,&,—}or & = JGS
respectively. If ® is any of the formulas

Yx®i(x), YX®((X)
then ®© is
Vx(x e U - dV(x), VXX cU - o (x).

Similarly, if ® is any of the formulas

IxP1(x), IXP1(X),
then we replace ® with

) I(r e U& V), IX(X CU &P (X)),

respectively.

The next lemma basically states that a mo:aozoo ® of %m monadic second
order logic of unary-algebras is true in all countable unary m_mogwm if and only if
the relativization of ® to all sets C and subsets C; of C that are subalgebras of
(Dom(fc), fc) is true. Here is the lemma.

Lemma 6.8.8 For every sentence ® of the monadic order logic o\ unary algebras,
® is true in all countable unary algebras if and only if the formula

YUVYZ(AI(U, Z) — &)
belongs to SwS.

Proof. The proof follows immediately from the definitions of the formulas
F(x, y, Z), Al(U, Z) and the transformation from ® into ®), We leave 9@ details
of the proof to the reader. O]

Mxo-.n.mo 6.8.6 Finish the proof of the last lemma in detail.

Hr:m the lemmas above give us the proof of the theorem. {J
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6.9 Applications to Cantor’s Discontinuum

In this section we give other applications of the decidability of $2.5. We introduce
“and study objects related to the structure known as Cantor’s discontinuum. Can-
- tor’s discontinuum is one of the fundamental structures often used in many areas
- of mathematics and computer science (analysis, topology, geometry, Boolean al-

- gebras, logic, game theory, fractals, set theory, etc.). This section begins with an
_ excursion into Cantor’s discontinuum. Then, in the next subsections, we will prove
several decidability results about theories of structures that can be derived from

Cantor’s discontinuum.

- 6.9.1 A Brief Excursion to Cantor’s Discontinuum. We begin this section

with a known construction that produces a set called Cantor’s discontinuum. Then
~we will show that the set produced canbe identified with the set of all paths thr o:m:
“the binary tree.
) Let us take the interval [0, 1], Eo set of all real numbers between 0 and ~
"‘including the endpoints. We construct Cantor’s discontinuum by stages. At each
. .stage ¢ we define the set C; which will be.a subset of [0, 1]. Then Cantor’s dis-
continuum will be the set of all reals that belong to each Cy, t € w. Here is the
oosmqgcos.

Stage 0. We set Cp = [0, 1].
.mE%m 1. Take the open interval Am uv that is the set of all reals between w

~and 2 % not including the ob%o::m Then Cj is the set of all reals in Cy which do
““Ynot belong to the open interval Au uv Thus, C; = Cp \ Am uv Qamzv\, C1 C .

A

Stage 2. Consider C1 which is the union of the two closed 58?&5 [0, w_
and @* 1]. Take the middle third of each of these intervals, that is take the open
intervals A.w., Wv and Am? Wv (without endpoints). Then Cj is the set of all reals

. in Cy that do not belong to Auf umv CA%. unv Clearly, C, C C; C Co.
. Stage t + 1. We assume, by induction, that C; has been constructed and

C; C C;_1. Also the induction hypothesis tells us that C; is-the union of certain
closed intervals, that is,

1 23 31
C = |0, 31 U 3t—17 31 Uy -1 1.
. Thus, C; is a disjoint union of 2! closed intervals. Let I, ..., I be all the intervals

cm;_o%m:sm in the union. So k = 2¢. Each I,, is of the form [+, ££1]. Let J,

=1 301
be the middle third of the interval I,,, that is, J,, Auat , u\«+wv Then, set

Cor1 =C\N(J1U L U---UJp).

v Qo»:w. Cy41 C Cy, and Cyy1 is a union 2/ closed intervals. This ends this stage
+ of the construction.
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Now we define the set C as the intersection of all C;s constructed:

nnD@. ’

tew

Now our mom_ is to present some of the basic Eowoaom of the set C. We note that
the set C is not empty since the real numbers zr,i =0, ..., 3! belongs to C; for
all t € w. Now we will show that reals in C can be identified with paths through
the binary tree 7 in a certain Eoo_mo sense. To do this we recast the construction
of the set C.

Let us consider the first three stages of the construction of C. At stage 0 we
have one closed interval, denoted by Cy. At the next stage, stage 1, the set C; is
split into two disjoint intervals o and I; so that Iy = [0, ] and I} = [%,1]. At
the next stage, the set C3 is split into four disjoint intervals, let us denote 9@5 by
Ioo, Io1, NS. I11 so that

2 3 6 7 : 8
WIN_.HwIN.Nmou ﬂ.ﬂumzﬁNHH“ =, 1.

NOO” O_.wlw. ’ NO_” wNu

_Note that Igg and Iy are subsets of I, and I and .~ 11 are subsets of I;.

In general, at stage t of the construction of C, the set C; is a union of 2
closed intervals I, so that the following properties hold:

1. u e {0, 1}
2. The length of u is ¢.
3. Ifu #vand [u| = |v] =¢t, then I, (I, = 0.
4. Forallu € {0, 1}*, if |u| =t — 1, then Iyo|J L1 C I,.
Thus, we have the following lemma whose proof is left to the reader.
Lemma 6.9.1 The mapping u — 1, has the \0:35.;% properties:

1. Iflu| = t, then I, is one of the closed intervals that participates in the union
defining the set Cy. Moreover, the length of the interval 1, is 37,

2. Ifu <w, then I, w. a proper subset of 1,,.
3. Ifu and v are not prefixes of each other, then I, NhL =080
Exercise 6.9.1 Prove the letma.

Now let us take an infinite string @ = «(0) a(1) ®(2) ... so thata € {0, 1}©.
Consider the sequence of closed intervals:

In©) D Ia©a() D Ie@ame@) D lu@aa@aBG) D« -
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* Since the length of the interval I (g, ) converges to 0, where (0, n) = «(0) ... a(n—
" 1), the intersection of all these intervals is not empty and consists of exactly one
real. Denote this real by rq. Thus,

() Laom) = {ra}.

new

“We note that r, € C because r,, belongs to every C;.
Exercise 6.9.2 Prove that for all o, B € {0, 1}°, if o # B, thenry # rp.

Now letus take » € C. Thenr € C; for all t € w. Now for every ¢ € w, let
.uy be such that r € I, and the length of u; is ¢. Note that such u; exists and is
“unique for every ¢. Moreover, u; is a proper prefix of ;1. Hence we can consider
-the sequence « € {0, 1} such that «(0, ) = u, for all ¢t. Hence r = r,. Thus,

C={ra|ae{0 1)}

and we conclude that we can Eo:a@. the set C with the set of all infinite sequences
‘of the alphabet {0, 1}*. Now we are ready to give the following definition.

Definition 6.9.1 Cantor’s discontinuum is the set of all infinite sequences from
A {0, 1}*. We denote this set by CD.

= Clearly, there exists a one-to-one correspondence between CD and all paths
of the tree 7. Indeed, let

apa1ay .

be an element of CD, where each a; is a member of {0, 1}. Then we assign to this
«element the set

€

mve. \NOAPV. \QOAN.«: A?VV' w..noh\m_ A‘.QNAPVVV' ve .r
‘where ro = L and r; = R. It is obvious that this set is a path of 7". Similarly, to
any path

(A, ‘.aog.v. \moQ.EA».vv. \aoQ.E Q.Scevvv, )

we assign the element
apaiay . .
of the CD. This shows that there exists a one-to-one correspondence between sets

‘of paths in 73 and subsets of CD. Therefore, from now on, we identify Cantor’s
-discontinuum with the set of all paths through the binary tree 7",
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6.9.2 Cantor’s Discontinuum as a Topological Space. Certain subsets of CD-

are of particular interest. These are, for example, subsets known as open subsets
of CD. One of the basic reasons to be interested in CD and its open subsets is that
they allow one to introduce the notions of limit, continuity, continuous functions,
and metrics in Cantor’s discontinuum. The other reason to be interested in CD
is that some known structures of mathematics, e.g., boolean algebras, the real

~ numbers and many others, can be represented in CD in one or another way. The

topics concerning limits, continuity, continuous functions and metrics in Cantor’s
discontinuum are beyond the scope of this book. Therefore, we will mainly deal
with the decidability of the theories of structures that can be expressed in terms of
CD and its subsets.

Let B be an element of CD. Assume that

h = apaiazas . ...
We can consider the following sequence of subsets of CD:
{aoe | o € CD), {agaie | o € CD}, {aparaze | o € Qbr.. B

Each of the sets above is called an open basic set. Clearly, each of the above open
basic sets contains 8. So we give a formal definition of a basic open set.

Definition 6.9.2 Let x € {0, 1}*. Then the set

QHH?Q,_Qmqu

. is called a basic open set.

Thus for example, Uy and U; are two basic open sets. Ug contains all « in
CD 93 begin with 0; U; contains all & in CD E& begin with 1.

Definition 6.9.3 A subset B C CD is open if either B = @ or for every element
o € B there exists a basic open set U such that« € U and U C B.

We give some examples of open sets in CD.
Example 6.9.1 CD N.a.&\ is an open set.

Example 6.9.2 B = Uy | U1 is an open set. Indeed if €.B, then o begins with
either 00 or 11. In the first case a € Ugp C B; in the second case o € Uy C B.-

It turns out that one can give a very nice characterization of open sets of CD.
To do this we first need a definition. ,

Definition 6.9.4 Let X C {0, 1}*. Then Ux = J,cx Usx-

Here now is the characterization of open sets in CD.
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- Theorem 6.9.1 h& B be a nonempty subset of CD. Then the following are equiv-
* alent:

1. B is an open set.
2. B is a union of basic open sets.
3. B = Uy forsome X C {0, 1}*

Proof. We prove the direction from (1) to (2). Let B be an open set. Then
for every element « € B there exists a basic open set U («) such that o € U(w)
and U(a) C B. Clearly, B = |, U(a). Hence (2) is proved.

We now prove the direction from (2) to (3). Let B be a union of basic open
sets. Take an element @ € B. Then there exists a basic open set U, such that

Uy CBanda € B.Let A = X0 < x1 < x3 < .-+ < x, be all prefixes of x.

>Bo=m these prefixes take the x; such that Uy, C B but ST ¢ B. Denote this
x« by x (). Zos set
X = {x(@)|o. € B}.

-+ Weclaimthat Uy = B.Indeedif Bisin Ux,then 8 € Uy(y) forsome o € B. Since

)

kS

B=|]U.

2 Uy C B,weconclude that € B.Ifx € B, Sos clearly o € Uy(y C Ux. This
~ proves the direction from (2) to (3).
~ We now prove the direction from (3) to (1). So let B = Uy. Then

xeX

- Take an a € B. Then there exists a y € X such that o € U,. From the definition

of Uy we see that Uy C B and « is contained in the basic open set U,. Thus, the
theorem is proved.

-Theorem 6.9.2

1. The union of any collection of open sets is an open set.
2. The intersection of any finite number of open sets is an open set.

Proof. We prove the first part of the theorem. Let B;,i € I, be a collection
of open sets indexed by I. Let B be | J;.; Bi. Take any « &: B. Then there exists
ani such that o € B;. Since B; is an open set, there exists a basic open set U, such
that oo € U, and U, C B;. Hence U, C-B. Hence B is an open set.

We prove the second part of the theorem. Let B1 and B be open sets. Consider

By B2 Let o € By[) By. Then there exist two basic open sets Uy, C By and

Uy, C By such that @ € Uy, and o € U,,. Then it must be the case that either
U, C Uy, or Uy, C Uy,. Hence either Uy, or Uy, is a subset of By (] B. Hence
the intersection of By and B is an open set. In order to show that the intersection of
any finite number of open sets is an open set, one can use induction on the number
of open sets. The theorem is proved.
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Exercise 6.9.3 Let B;, i € I, be a collection of open sets indexed by 1. Let X; C
{0, 1}* be such that B; = Uy,. Set X = | J; Xi. Prove that the equality Uies Ui
Ux holds.

I

Exercise 6.9.4 Let Uy and Uy be open sets. Consider the set X (Y. Is it true
that the equality Ux (YUy = Ux ny holds?

Another important notion concerning the subsets of CD is the notion of a
closed set. Here is the definition. ,

Definition 6.9.5 A set B C CD is closed if CD \ B is an open set.

Thus, every closed set in CD is of the form CD \ Uy, for some subset X
of {0, 1}*. We now formulate the theorem about closed sets that is dual to Theo-
rem 6.9.2 about open sets. We leave the proof to the reader.

Theorem 6.9.3
1. The intersection of any collection of closed sets is a closed set.
2. The union of a finite number of closed sets is a closed set. O

Exercise 6.9.5 Prove the theorem above.

6.9.3 Expressing Subsets of CD in $2S. We wish to define subsets of CD in the
monadic second order theory of two successors. The problem of expressing subsets
of CD in this logic is the following. Each element of CD is a path on the binary
tree. Hence the path is already a subset of the binary tree. Thus, subsets of CD are
sets containing subsets of the binary tree. Thus, from this point of view, subsets of
CD are third order objects of the tree 7 (elements of 7 are the first order objects,
subsets of 7 are the second order objects). We know that the monadic second order
logic of the binary tree does not include variables for third order objects. Hence,
on its face, the logic is not powerful enough to talk about third order objects, e.g.,
sets of subsets. In order to overcome this problem we use an indirect way of coding
subsets of CD into the monadic second order logic of the binary tree 7 with two
SUCCESSOTIS. o :

" As an example of such an indirect coding we show how we can define closed
subsets of CD in the monadic second order theory of 7. Consider the formula

X C Y & Path(X).

We denote this formula by cl(X, ¥). This formula states that X is a path and X is
a subset of Y. Let A be a subset of 7. Then we can consider the set

{o | o is a path on 7 and is a subset of A}.

In other words, this set consists of all paths « which make the formula cl(c, A)
true in 7. Note that this set depends on A. Hence, the formula ¢/(X, Y') defines the

i

K

¢
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mapping f,; from the set of all subset of 7 into the set of subsets of CD as follows.
Forall A C T, let :

Jer(A) = {7 = cl(e, A)}.

,;cw,ﬂooé@bﬂ\ﬂﬂro ?:o,mo: %&mmmmmzmﬁomoﬂoﬁwz@&rmo&Emﬁmwnw@:ﬁ
formula
o C A & Path(a).

Since each path « is identified with an element of CD, we see that the collection
of all « that are subsets of A is a subset of CD. The next theorem gives us an
interesting property about the formula ¢/(X, Y) and the associated map f;. Briefly,
the theorem states that f,; fanges over all closed subsets of CD.

Theorem 6.9.4 For every subset A of T, the set fci(A) is closed. Moreover, for
every closed set C C CD, there is a subset A C T such that fo(A) = C.

Proof. We prove the first part of the theorem. Let A be a subset of 7 and
let o denote a path in 7. Consider the set f.;(A). Then @ € f;;(A) if and only if
every y € a belongs to A. Hence o ¢ f;(A).if and only if for some y € T and
B €{0,1})” wehavex = yB and y & A. Thus, consider the set X = 7 \ A. Then,
as we have already shown, the following equality holds:

CD\ fu(A) = Ux.

" Note that U x is a set of paths in 7', and hence a subset of CD. By Theorem 6.9.1,

the set Uy is open and hence f.;(A) is closed.

Now we prove the second part of the theorem. Assume that C C CD is a
closed set. Let A be the set of all x € 7 such that x belongs to some path « € C.
In other words;

A= C o.

aeC

Then, we claim that C = f,;(A). If & € C, then o C A. Therefore, the formula
cl(A, ) istrue. Hence € fiy(A). Assume now thato € fy(A). We want to show
thato € C. If ¢ ¢ C, then, since the complement of C is open, there existsay € 7
such thato € Uy, C CD\ C. Hence y ¢ A. However, by assumption & € fi;(A)
and therefore cl(A, o) is satisfied. In particular « C A and hence y € A. This is a
contradiction. We conclude that o« € C. The theorem is proved.

Apart from open and closed subsets of CD, there are many other classes of
subsets that have attracted the attention of mathematicians and computer scientists.
For example, subsets known as Borel sets are well known. These sets have been
studied in logic, set theory, game theory, and in some areas of computer science.
Borel sets define a certain natural hierarchy on complexity of subsets of CD from a
topological point of view. The most simple or accessible Borel sets which belong to
the lowest level of the hierarchy are open sets and closed sets. Each next level of sets
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in the hierarchy is then defined by taking infinite countable unions, intersections
and complements of those sets that belong to the lower level in the hierarchy.
Here we will not discuss the Borel sets and their hierarchy as they are not in the
scope of this book. However, we will consider Borel sets that are obtained by using
countable unions of closed subsets of CD. Such sets are known as F,-sets. Here
is a formal definition. ;

Definition 6.9.6 A subset S is called an F,-set if it is a countable union of closed
subsets of CD.

It turns out that it is possible to express F,-sets in terms of the monadic
second order logic of the structure 7 of two successors. The idea is similar to the
one where we expressed closed subsets by means of the formula cl(X, ).

Let Finite(X) be the formula, defined in Example 6.5.7, such that for all
A C T, F(A) is true if and only if A is a finite subset of 7. We now define the
formula F; (X, Y) as

Path(X) & Finite(X [ ) Y).

This formula states that X is a path and the intersection of X with Y is a finite set.
Let A be a subset of 7. Then we can consider the set.

N

{o | o is a path on 7 and the set o NAis finite}.

In other words the above sef contains all paths o which make the formula F,, (o, A)
true in 7. Hence, the formula F, (X, Y) defines the mapping f,, from the set of all
subsets of 7" into the set of subsets of CD as follows. For all A C 7, let

fo(A) ={a | T |= Fs(a, A)}.

Thus, to every A C 7 the function f,, assigns the set of all paths « that mm:m@ the
formula

Finite(a D, A) & Path(c).

Since each path « is identified with an element of CD, we see that the collection of
all o that have finite intersection with A is a subset of CD. The next.theorem gives
us an interesting property about the formula 7, (X, Y) and the associated map \q.
Briefly, the 3@085 states that f, ranges over all F,-subsets of CD.

Theorem 6.9. m Forevery A C T, the set fy(A) is an Fy-set. gewm%mx for every
Fy-set C C CD, there exists a subset A C T such QSN fo(A) =

Proof. Let us prove the first part of the 50035 Suppose that o € \q (A).
Then « is a path and the number of elements i in A« is finite, say- n. For every
number m consider the set

= {B | Bis apath and B[] A has at most m elements}.

¥
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In particular, & € Py. It is not hard to see that fo(A) = (U, ¢, Pn- We claim that

. each P, is a closed set. Indeed, consider the set

X, = {x € 7| x has more than n prefixes belonging to A}.

.. Clearly, Uy, is an open set. Moreover, the CD\ Uy, = P, forall #n. Hence each P,

" is closed. Therefore, f5(A) is an Fy-set. This proves the first part of the theorem.
~ Now we prove the second part of the theorem. So assume that C C CDis an
F,-set. Then there exists a.sequence Py, Pp, P2, ... of closed sets such that

c=r{JrnJrJ

We can assume that Pp C Py € P C P3 C ..
Now let

U

aePy

C CD (see Theorem 6.9.3).

" Note that A; € A4 for all i € w. Moreover, from the proof of the previous
_ theorem we conclude that the equality

fa(Ay) =

> holds for all # € w. ,

Now we want to find a set A C 7 for which f,(A) = C. Take a path 8 not
in C. Then the path 8 is not in P, for every n. This implies that A, () B is a finite
set for every n. Indeed, by the definition of A,, if x € A,, then any prefix of x is
in A,,. Therefore, if the set A, [ 8 were an infinite set, then 8 C A, and therefore
B would belong to P,. This is a contradiction to the choice of 8. Now, using that

B & C, we define the sequence

x0(B), x1(B), x2(B), - . -

- of elements in 7 by stages as follows.

Stage 0. xo(B) is the minimal element x with 8%@2 to the prefix ordering
<in7 suchthatx € B and x ¢ Ap.

Stage s+ 1. Suppose that xg(B), . . ., xs(8) have been defined. Then x;.1(8)
is the minimal element x with respect to the prefix ordering < in 7 such thatx € 8,
xs(B) <x,and x & Asy1.

Thus, we have defined the infinite sequence x(8), x1 (8), ¥2(8), . . . of nodes
of the tree 7. Note that for all m > 1 and y > x,(B) we have y & A,,. Also note
that no such y could be of the form Xm (B") for some B’ # B and B’ ¢ C. Now we
ammza the set B as

B={x;B)| B ¢C, s cw)
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We now claim that the equality fi (B) = C holds. To prove this suppose that
B & C.Thenxs(B) [ B 5 @ for all s. Hence the intersection 8 (") B has infinitely
many elements. Therefore, 8 & f, (B). We conclude that £, (B) C C.

Assume thato € C. Then o C A, for some n. Therefore, since A, C Amai
for all m, « C A,y forall k € w. Hence for a 8 that does not belong to C, if
xm(B) € a,then 0 < m < n. Now we claim that the set o (1} B has at most n
elements. This will establish that & € f5(B). So assume that By, ..., B, are such
that all By, ..., By are not in C, and X, (Bo), . . ., Xm, (Bn) are pairwise distinct
elements that belong to «. Then, as we noted above, each m; must be less than n.
Hence for some distinct i, j < n, we should have m; = m j- Let m = m;. This
implies that x,, (8;) € « and x,,(8j) € . Hence the nodes x,,(B;) and x,, (8;)
are comparable with respect to the prefix order <. Say x(B;) < xm(B;). But, as
noted above, this cannot happen. The theorem is thus proved.

6.9.4 Decidability Results. In this subsection we prove several decidability re-
sults about some structures and formal languages that can be derived from Cantor’s
discontinuum. One of the natural structures that can be derived from CD is the
structure

(CD, =,

where for all &, 8 € CD, we have & < 8 if and only if @ = B or there exists w,
a finite prefix of both & and 8, such that w0 € « and wl € B. Intuitively, this
is the natural left to right ordering of all paths through the binary tree. Clearly,
(CD, x) is a linearly ordered set. We now define the language L appropriate to
(CD, <). The language is defined in the usual way but with some modifications.
The language contains individual variables x, y, z, .. ., that are intended to run
over elements of CD, the symbol < represerting the order on CD, logical connec-
tives &, <, -, —, and set variables of two types. The first type of set variables are
C1, Gy, C3, ... and range over closed subsets of CD; the second type of set vari-
ables are D1, Dy, D3, ... and range over F-subsets of CD. The language contains
quantifiers 3, V that can be applied to the individual as well as to the set variables
of both types. The language also has the symbol € for representing membership.
The formulas and sentences of this language L are defined in the natural way. We
leave the definition of formulas to the reader.

Definition 6.9.7 GESR@& set of all sentences of the language L true in (CD, <)
by Th(CD). Call it the theory of Cantor’s discontinuum. _

Here is our first decidability result.
Theorem 6.9.6 The theory Th(CD) of Cantor’s discontinuum is decidable.

Proof. The idea of the proof of the theorem is-quite simple. We need to
transform formulas of the language L into the formulas of the monadic second
order theory of two successors. The transformation of a formula & to a formula &

' then ®® is

6.9. Applications to Cantor’s Discontinuum 379

# should naturally preserve their satisfaction in (CD, <) and (7, L, R), respectively.
" We recall from the previous section that we have the formula cl(X, ¥) which is
- X C Y & Path(X). This defines all the closed sets of CD. We also have the formula

Fy(X,Y) which is Finite(X (1Y) & Path(X). This defines all the F;-subsets of
* CD. We now transform & into % by induction on the complexity of ®. If & is
* of the form x; < x;, then &0 jg

,_ (Path(B;) & Path(B;j)) v (3x(L(x) € B; &R(x) € B))).
If @ is of the form x; € C; or x; € Dj, then & is
Path(B;) & cl(B;, Cj) or Path(B;) & Fy(B;, C}),

_ respectively. If ® is of the form & ﬂew, where v € {V, &, >} or & = —®y, then
we set O to be emcaemo, where T € {V, &, >} or @ = JeMc, respectively.
. If @ is any of the formulas

Vx; ®1(x;), VC;®((C;), VD; (D),

VB;(Path(B;) — & (B))), <n_.3w§%. vD; (@ (D).

meEm_mw_u\. if @ is any of the formulas

e i1 (), IC;21(C), 3D;1(Dy),

then we replace @ with
3B, (Path(B;) & 1 (B))), 3Ci(®P(C)), IDi(@ (D)),

_ respectively. Now the reader can check that for all sentences ®, we have ® €
S Th(CD) if and only if ®®) & §2.5. The theorem is proved.

¢

- Wenow consider another natural structure that can be obtained from Cantor’s
discontinuum. Consider the set M, of all F,-sets. Let D1, D, be elements of M,,.
- Hence Dj and D; are of the form:

Di=P/UPJUPJU-.. and Dy =P}UP}UPIU...,

where each P!, P? is a closed set. Then

Di|JD2=PlUPPUP;UP}U--- and Di(\D2= | J (B nPH.

, i,j=1
Hence the set My of all F-sets is closed under the operations of union and inter-
section. We also know that the set M, that consists of all closed sets is closed under
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the operations of finite union and intersection (see Theorem 6.9.3), ,;Qowo?\ itis
quite natural to consider the structure

A= (Mo, U ) M)

Thus, the domain of A consists of all F,-sets. The type of the structure consists of
two binary operations |_J and [, and one unary relation M. Now we can consider
the first order theory Thj (A) of this structure, that is the set of all sentences of the
first order logic that are true in the structure A. It turns out that the following result
can be easily derived from the previous theorem.

Theorem 6.9.7 Consider the structure A = (My, |, (.. Mc). The first order

theory Thy (A) of this structure is decidable.

Proof. Assume that xg, x1,- .. are variables of the first order logic of the
structure A. We associate the variables x; with the variables D; of the language L
of the structure (CD, <). Now the union and intersection operations of F,-sets of

" CD are definable in the language L. Similarly, the union and intersection operations

of closed sets are definable in the language L. Hence we can replace the atomic
formulas x; | x; j = Xk and x; () x; = xx with the formulas D; | D; i = Dy and
D; ( Dj = Dy of the language L, respectively. We can also replace the quantifiers
dx; and Vx; with 3D; and VD;, respectively. Also, if a sentence of the first order
theory of A contains the formula M.(x;) so that x; is quantified with Jx;, then
this is replaced by 3C;. For example, the sentence Vax;3x;(x; = x F&Mc(x;)) is
replaced with YD;3C;(D; = Cj). Hence we can transform any sentence ® of the
first order logic of the structure A into a sentence &) of the language L. Moreover,
® € Thy(A) if and only if ) € Th(CD). This proves the theorem. [

Exercise 6.9.6 Give a formal definition of the transformation of ® into ®® used
in the proof of the theorem.

The next result concerns the interval [0, 1] of real numbers, the natural order
< on this interval, and the topology on this interval. The topology of this interval is
defined by. closed subsets of [0, 1] and F,-subsets of [0, 1]. For completeness we

recall the following definitions. A subset U C [0, 1] is open if for any x € U there

exists a real number € > 0 such that (x — e, x + €) CU.AsetU C [0, 1]is closed
if [0, 1]\ U is open. A countable union of closed subsets of [0, 1] is an F,,-set. Now
consider the language L defined for (CD, <). The language L can be considered as
a language of the structure [0, 1] where the binary relation of L is interpreted as the
natural order < on reals, variables Cy, Cj, ... are interpreted as closed subsets of
[0, 1], and the variables Dy, D1, . . . are interpreted as Fy, -subsets of [0, 1]. Our goal
is to show that the theory Th([O, :v of the structure ([0, 1], <) in the language L is
decidable. It is noteworthy that the structure ([0, 1], <) together with the topology
of its closed sets as well as F,-sets is among one of the fundamental structures that
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» arise in mathematics, especially in analysis and topology. It turns out that we can
prove the decidability of TA([0, 1]) by again using Cantors’ discontinuum.
Consider CD. Let & = a(0)a(1)... be in CD. With « we can associate the
" real number r(® defined as follows:

R () R %.T%L...]TQQ&

Note that the mapping o — @ is onto, since for every r € [0, 1] there exists an

o such that r = r®, However, this mapping is not one-to-one because for some

r there exist exactly two distinct & and 8 such that r = r® = P, Indeed take

-~ u € 7 and consider @ = #1000000. .. and 8 = u0111111.... Thenr@® = r®,
This suggests the following. Say that o and B in CD are ~-equivalent if there exists
~au € 7T such that @ = »1000000... and B = u0111111.... The relation ~ is
. indeed an equivalence relation. Now we can consider the set CD™ consisting-of

- all ~-equivalence classes. Note that the mapping & — @ induces a one-to-oné
i function ae.. — [0, 1] from CD"™ onto [0, 1], where a... is the ~-class that contains

" a. Also note that the = relation on CD induces a linear order, also denoted by =<,

" on the woﬂ CD™. The reader can now prove the following lemma,

Hé:::u 6.9.2 The mapping o~ — r®@ from CD"™ onto [0, 1] ,S:,%% the follow-
5% properties: :

1. Foralla, B € CD, the real numbers r'® and r'®) are equal if and only ifa .
, - is~-equivalent to B.

B N Foralla, B € CD, o~ < B ifand only if r@ < rB),

Moreover; the SQE»S% o = r® from CD onto [0, 1] satisfies the following
properties:

1. ForallC C CD, C is &eam& if && e:@ ca its image under N\R mapping is
closed.

.. 2. Forall DcCCD,Cisan Fyy-set if and only if its image under the mapping
\ is an Fy-set. O

@S-.Qmm 6.9.7 Prove the K:SS above.

Following is the theorem stating that the theory Th([0, :v of the topological
- structure ([0, 1], <) in the language L is decidable.

,H_-ae.ma 6.9.8 The theory Th([0, 1)) is decidable.

Proof. In the proof we use the ideas of the proof of Theorem 6.9.6. First of

~all we note that the equivalence relation ~ on the tree 7 is definable in S2S. By

induction on the complexity of formulas, we transform formulas of the language.

'L into the formulas of the monadic maooma order theory of two successors. If ® is
of the form x; < x;, then ®®is
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(Path(B;) & Path(B))
& AB;3ABy(3x(L(x) € B; &R(x) € By & B; ~ B; & Bj ~ By)).

If @ is of the form x; = X, then the formula ®© is (Path(B;) & Path(B;) & B; ~
Bj). If the formula & is of the form x; € C; j or x; € Dj, then the formula
O is (Path(B;) & 3By(Bx ~ B; & cl(By, C})) or (Path(B;) & ABy(B; ~
By & Fy(By, Cj)), respectively. If @ is of the mozd &1t Dy, where T € {V, &, —}
or ® = —d, then we set ®® to be e.mcﬂewc. where T € {V,&,—>}or ® =
Jema, respectively. Now by using the induction on the complexity of formu-
las, we continue as follows. If the formula ® is any of the formulas Vx; ®1(x;),

YC;®1(C;),YD; ®1(D;), then ®© isVB;(AB;(B; ~ B; & Path(B,) & " (B))),

YC; AOMQ (CH),VYD; AOMG (Dy)), respectively. Similarly, if ® is any of the formulas
Ax; ®1(x;), AC; @1(Cy), 3D; @1 (D), then @ is IB;3AB;(B; ~ B; & Path(Bj) &
GSS i)),3C .AGS (C)),AD; AGSAPVV respectively. Now the reader can check
that for all sentences ®, we have 0 € Th([0, 1]) if and only if ®® ¢ §28. The
theorem is proved. (]

Exercise 6.9.8 Prove the theorem above in detail.

6.10 Application to Boolean Algebras

In this final section of the chapter we show that a certain formal theory of the class
of all Boolean algebras is decidable. The proof follows the ideas of the proofs from
the previous sections. We first obtain certain fundamental algebraic facts about
Boolean algebras. Then using the algebraic facts we obtain decidability results
by transforming statements about Boolean algebras to formulas of the monadic
second order theory of two successors.

6.10.1 A Brief Excursion into Boolean >_mor~..mm. In this section we study
structures called Boolean algebras. The results of this section will mostly be about

‘countable Boolean algebras though the results can be generalized to uncountable

Boolean algebras as well. Boolean algebras are fundamental systems that arise in
many areas of mathematics. In general Boolean algebras can be thought as systems
(or collections) of sets that are closed under the operations of union, intersection,
and complementation. As we have seen, the classes of FA recognizable languages,
Biichi recognizable languages, and Rabin recognizable languages are closed under
these operations. In this part of this section we study some of the basic properties
of these systems from the algebraic point of view. Here is a definition of Boolean
algebras.

Definition 6.10.1 A Boolean algebra w a structure

m” Awn /\. \/. lu c. Hv.

u Example 6.10.2 Consider the set {0, 1}. Set o v O
1,
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v where V, A are binary operations,” is a unary operation, and 0, 1 are constants,

such that forall a, b, ¢ € B the following properties hold:
l.avb=>bva,aAb=>b A a(commutativity),
.avve)=@vb)veanbna ¢) = (a A b) A ¢ (associativity),
- av (bAac)=(avb) A (ave),an(bvc) = (a Ab)V(aAc) (distributivity),

. avVb=an b, aAb=avh (De Morgan’s Law),

cana=a,aAN0=0aAl=aq,

Qn

w
w
A
m. a.<a.”a.a,<‘oua_a<mﬂﬁ
o
7. a =a,
S.ava=1Lana=0.

Often the operations Vv, A and”are called the union, intersection, and comple-
mentation operations, respectively. We now give examples of Boolean algebras.

. Example 6. Hc 1 Let A be a set, Consider the set P(A) of all subsets of A. ﬁ&x

(P(A),U,N, 7, @, A) is a Boolean algebra.

W vi=1v0 =1,
1vli=00A0=0,0A1= 0= H. = 0. This defines a

Boolean algebra.

IA0=0,1A1=

Example 6.10.3 Let By and By be Boolean algebras. Consider the Cartesian
«ww.e&ao.ﬂ By x By. Define A, V, and” operations on By x By as follows: (a, b) A
(¢;d)=(aAc,bAd), (a, byV(c,d)=(@Ve,bvd), Aa b) = (@, b). Then we
have the Boolean algebra denoted by By x By. Note that 0 and 1 in this Boolean
algebra are (0, 0) and (1, 1), respectively.

The first example is important since we will later show that we can operate

- with A, v and ™ operations as the intersection, union and the complementation

operation on a certain collection of sets. We single out such Boolean algebras in-

. the following definition.

Definition 6.10.2 A Boolean algebra of subsets is a family X of subsets of a set
A such that X contains @, A, and is closed under the set-theoretic operations of

. union, intersection, and complementation.

Thus, if B is a Boolean algebra of subsets, then there exists a collection X of

~ subsets of a set A such that B = (X, |J, ), \, @, A). For example, for any subset
Cofaset A, theset {C, A\ C, @, A} is a Boolean algebra of subsets.

We now present several properties of Boolean algebras. Let B be a Boolean
algebra. Then ~ is a unary operation on B such that for all by # by, we have



|
|
|

384 6. Applications of Rabin Automata

m_ m_mzms, Azw =1land1 = 0. Indeed, if m_ = m». then by property (7) we have
by = b = by = by. Hence by # by implies that by # by. To show that 1 = 0, we
use the identities a A 1 = a and a A a = 0 that hold for all a. Indeed, seta. = 1.
Thenl=1A1=0. Similarly, we see that 0 = 1. From now on, the element d
will be called the complement of 4.

Let B be a Boolean algebra. Define the binary relation < on the domain of
B as follows. For a,be B,a <bifaAb=a.Here is the next lemma showing
that < is a partial ordering with several interesting properties.

Lemma 6.10.1 The relation < has the following properties:

~

1. < is a partial ordering. Moreover, for all b € B, we have 0 < b < 1.
2. Foralla,be B,a <b %a:&e:@ ifavb=nb.

3. Foralla,b,x € B, ifx <aandx <b, thenx <aAb.

4, Foralla,b,x € B, ifx >aandx > b, then x > a Vv b.

Proof. We prove (1). Clearly, a < a for all a because a A a = a by the
axioms of the Boolean algebras. Also, if a < b and b < a,thena A b = g and
b Aa = b. Since A is commutative, we have ¢ = b. Assume thata < band b < c.
ThenaAc=(@Ab)Ac=aA(bAc)=aAb=a.Hencea < c. Therefore, <
is a partial ordering. The rest of Property (1) follows from the axioms of Boolean
algebras. . ‘
We now prove (2). Assume thata Vb = b. Then using the axioms for Boolean
algebras we get the following: a = a Vv (b A mv =(@VbA(avbh)=bA(avh) =
(bAa)V (bAD) =bAa.Hencea < b. Similarly, one can show thatifa Ab =a
thena v b =b. ﬂ

Now we prove property (3). Assume thatx <aandx <b.Thenx Aa=x
and x Ab = x. Then from the axioms for Boolean algebras we obtain the following:
xAN@Anb)y=(xAa)Ab=xAb=x.Hencex <a Ab. The proof of Property
(4) is similar. The lemma is proved.

tixercise 6.10.1 Prove that a < b if and only if b <a.

Definition 6,.10.3 Let (B, <) be a partially ordered set. Then the inf of two el-
ements a,b € B, denoted by inf(a, b), is an element c such that for all x € B
the condition x < a and x < b implies x < c. Similarly, the sup of two elements
a, b € B, denoted by sup(a, b) is an element c such that for all x € B the condition
x > a and x > b implies x > c. The partially ordered set (B, <) is a lattice if for
all a, b € B sup(a, b) and inf (a, b) exist. ,

Thus for a Boolean algebra B, as the lemma above shows, the partially ordered
set (B, <) is alattice. Also, note that any linearly ordered set is a lattice. Of course,
there are partially ordered sets which are not lattices.
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» Exercise 6.10.2 A lattice (B, <) isa Boolean lattice if the following properties
hold: .

[a—y

. There exist two elements 0 and 1 such that 0 < b <1 forall b € B.

2. Forall a,b,c € B we have sup(a, inf(b, ¢)) = inf(sup(a, b), sup(a, c))
and inf (a, sup(b, ¢)) = sup(inf(a, b), inf(a, ¢)).

3. For all a € B there exists some b € B such that sup(a,b) = 1 and
inf(a, b) = 0. In this case a and b are complements of each other.

Show the following:

[y

. If B is a Boolean &wmsﬁ then (B, <) is a Boolean lattice.

2. If(B,<) is a Boolean lattice, then for every a € B there exists exactly one
complement b of a. Denote the complement of a by a. Show that if (B, <) is
a Boolean lattice, then (B, sup, inf, 7, 0, 1) is a Boolean algebra.

The next exercise provides a method of constructing Boolean algebras from
linearly ordered sets.

“ Exercise 6.10.3 Let (L, <) be a linearly ordered set with a minimal element. A
- half interval is any of the sets .

[a,b)={x€eL|la<x<b), [a,00)={xelL|a=<x}

where a, b € L. Thus, for example @ and L are half intervals. Consider the set By,
of all finite unions of half intervals of the linearly ordered set (L, <). Prove that By,
Jorms a Boolean algebra under the set-theoretic operations of union, intersection,
and complementation. This algebra is called the algebra of intervals of (L, <).

5. 6.10.2 Ideals, Factors, and Subalgebras of Boolean Algebras. In the theory

. of Boolean algebras an important concept is the notion of an ideal. Ideals can be
used to build new Boolean algebras from a given one. Here is a definition of ideals.

Definition 6.10.4 A set I C B of a Boolean algebra B is an ideal if the following
properties hold:

1. 0el
2. Forallxelandy € B, ify <x,theny € I.
3. ﬁex&?ﬂ.wmhx<v\m~,.

.Qmmzw, {0} and B are ideals of any Boolean algebra B. These are called
trivial ideals. Nontrivial ideals are called proper ideals. Here are some examples
of nontrivial ideals. :



(a1 Vb)) \ (a2 V b)
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Example 6.10.4 Consider the power set P(A). Fix X C A. Consider the set I (X)
defined as {V | V C X). Then I(X) is an ideal of the Boolean algebra P(A) of
all subsets of the set A.

Example 6.10.5 Consider the power set P(A). Considerthe set Fin(A) of &N finite
subsets of A. Then m.SAxC isan &w& of P(A).

It turns out that every Qoﬁ@i b e B of a Boolean algebra B defines an ideal.
Indeed, consider the set 1(a) = {x | x < a}. Then this set is an ideal and is called
the principal ideal generated by a.

Exercise 6.10.4 .ww.as\ that I(a) = {x | x < a} is an ideal of B.

Let I be an ideal of a Boolean algebra 5. We can identify the elements a, b
of B modulo I as follows: a ~ b if and only if (a /S VvV (b\a)el,wherea\b
is called the difference of a from b and equals a A b. Thus informally, a ~-b
means that a and b cannot be distinguished if we do not count those parts of @ and
b which are in 1. It turns out that the relation ~ has some nice algebraic properties
needed to build new Boolean algebras.

Lemma 6.10.2 Let I be an ideal of a Boolean algebra B. Then ~ has the \&-
lowing properties:

1. The relation ~ is an equivalence relation..
2. Forall ai,az, b1, by € B, ifay ~1 az and by ~ by, then . N ‘

(@1 vb1) ~p(az2Vvb), (a1A b) ~1 (a2 Abp), and @i~ by

Proof. We prove the first part. It is clear that ~ is a reflexive and symmetric
relation. Assume that a '~y b and b ~y c¢. Consider a \ ¢. Then we :w<o the
following:

a\c=ani=@AOANDGVE) =@AEAb)V(@AEAD) -
m,a>$<@>mvn@‘/&ia/_s.

Since b\ canda\ b are in I, and I is an ideal, we have (b\ ¢) V (a \ b) € I. Again
using the fact that 7 is an ideal we conclude that the inequality a\c < (b\¢c)V (a\b)
implies that a \ ¢ € I. One can prove in a similar marner that ¢ \ a € I. Hénce
a ~1 ¢. We have proved the first part of the lemma.

Now we prove the second part of the lemma. Let us show that (a1 v by) ~g
(az Vv by). Consider (a1 Vv b1) \ (a2 V by). Then

(a1 Vb)) A AQN\N\\@NV =@ Vb)) ANa A wz.w
= @ A Ab) V(b1 Ady Ab2) < (a1\a2) V (b1 \ bo).

Hence (a1 V b1) \ (a2 Vv by) € I. Similarly, (a3 V b3) \ (a1 V b1). Therefore,
(a1 V by) ~1 (a2 V by). We leave it to the reader to prove the rest of the lemma. O
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* Exercise 6.10.5 Finish the m&o\ of the lemma above.

For an ideal I of a Boolean algebra B, consider the set By that consists of all
~-equivalence classes. Thus, By = {as | @ € B}, where ay is the ~7-equivalence
- class containing a. Define Vv, A, and”operations on By, as

ay <@~HAQ<WV~. aj Aby = (a Ab)y, &“m?

- The second part of the lemma above shows that these operations are well defined,
that is, are independent of representatives of the ~-equivalence classes. Now it is
not hard to see that the structure (B, Vv, A, 7, 07, 17) is a Boolean algebra. We
denote it by B;. The algebra By is called the factor algebra of 3 by the ideal 1.

Exercise 6.10.6 Consider the Boolean algebra P(A), where A is an infinite set.

“. Consider the ideal Fin = {X | X C A and X is finite}. Consider the factor algebra
" Bof P(A) withrespect to Fin. Show that for all x € B, ifx .# 0, then there exists an

. infinite sequence x\, X2, . . . of distinct elements suchthatx > x1 > xp > x3 > -+ .

Let Bbe a Boolean algebra. Considerasubset C C B. It canbe the case that C
* is closed under the operations of the Boolean algebra B. For example, C = {0, 1}
~is such that the operations V, A, and ~ applied to elements of C again produce
. elements of C. In this case we say that C is a subalgebra of B. A formal definition
: _m as follows.

- Definition 6.10.5 A Boolean mccm_mmgm &a Nw is a nonempty subset C of B such
* thatforalla,b € C we have a v b,anb,a

Note that if C is a subalgebra of B, then for any ¢ € C,c v é,c Aé € C.
Hence any subalgebra contains 0 and 1 of the original Boolean algebra B.

Theorem 6.10.1 Let A be a subset of a Boolean algebra B. Then there exists a
minimal, with respect to the set-theoretic inclusion, Boolean subalgebra C of B
that contains A. Moreover, any element x € C can be written in the form

_ €1 €y
x|< aift AvoAagy,

i<s

w N

wheres > 1, each a; j isin A, €; j € {0, 1}, and a’=a, a =a.

Proof. The proof is quite easy. Note that the intersection of any collection of

. Boolean subalgebras of B is again a Boolean subalgebra. Thus, we can consider all

- the Boolean subalgebras that contain A. Then the intersection C of these Boolean

algebras is a Boolean algebra. The Boolean subalgebra C (whose domain is the set

C) is the minimal one with respect to the set-theoretic inclusion. Now note that

. any Boolean subalgebra that contains A also contains the elements of the form

x=Va m: A a_m%u where s > 1 and a; ; € A. Moreover the reader can

check that Eo moﬁ of all elements of this type forms a Boolean subalgebra. Hence
this proves the last part of the theorem. (]



)
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Exercise 6.10.7 Give a proof of the theorem above in greater detail.

Let A be the subset of a Boolean algebra B. Consider the minimal subalgebra
C that contains A. In this case we say that A generates the Boolean algebra C. Hence
we have the following result which follows from the theorem above.

Corollary 6.10.1 Let A be a subset of a Boolean algebra A. Then-A generates a
Boolean subalgebra C if and only if every element x of C can be written in &w Jorm

€1 €Lt
R|<QNH A >Q~.-Df~
i<s

wheres > landa; j € A.O >

.

6.10.3 Maximal Ideals of Boolean Algebras. One of our goals is to show that
we can treat elements of a given Boolean algebra as subsets of a certain set. In
order to achieve the goal we need to better understand ideals of Boolean algebras.
In this part of the section we study maximal ideals.

Definition 6.10.6 An ideal I of a Boolean algebra B is maximal cq I is a proper
ideal and every proper ideal J that contains I coincides with 1.

j

To give an example of a maximal ideal we define another important notion.

Definition 6.10.7 An-element a of a-Boolean algebra B is called an atom ifa # 0
and, forallb € B, if 0 < b < a, then either b = 0 or b = a.

We leave the reader to prove the following exercise.

Exercise 6.10.8 For an element a of a Boolean algebra the %&Fs::% properties
are equivalent:

1. a is an atom.

2. Forallbe B,ifbAna #0, thena <b.

3. Forallb,ce B,ifa=bVvcandb A c =0, then eithera = b ora = c.
Here now is an example of a Bmxmam_ ideal.

Example 6.10.6 Let a be an &Q:mi of a Boolean algebra such that a is an atom.
Then the principal ideal I (a) generated by a is 5&:5&

Indeed, assume that J is a proper ideal ooE&E:m I(@) and b € J \ I(a).
NotethataVvb € J,a # avbanda < aVvb.Since J is proper, wehaveaVvb # 1.

Hence a V b # 0. We also have a v @ < a and a # aV b. This contradicts the

fact that a is-an atom.
Let B be a countable Boolean algebra. Take a subset X C B. We say that X
is consistent if for all positive n € @ and all by, ...,b, € X we have by V by V
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«++V by # 1. Thus for example, any singleton set {b} with b # 1 is consistent.
Also note that if X is oosmwmﬂo:r then X does not contain 1.

Lemma 6.10.3 h& X be a consistent set of a Boolean algebra B. Then for every
b € B either X UL} or X\ (b} is a consistent set.

- Proof. Assume that both X ( J{b} as well as X C:& are inconsistent sets.
Then there exist X1y -.+3Xns Y1y - - -, Ym all in X such that

X1VxpV---Vx,Vb=1 and E.<vs<...<v§<mﬂw.
Letx =x1VxpV---Vx,andy=y Vy, V-V y,. Then
XVy=@Vy)VEAD=((xVy)VD)A(xVy)vh) =1.

This is a contradiction to the fact that X is consistent. The lemma is proved.
Now our goal is to give a construction that puts every consistent set X into a
maximal ideal. The construction is explained in the proof of the following theorem.

Theorem 6.10.2 Let X be a consistent set of a countable Boolean algebra. Then
there exists a maximal ideal I .:Rw that X C I.

Proof. Since B is a countable Boolean algebra, we can consider the sequence
without repetition

by, b1, by, . ..

of all elements of B. Now we construct an ideal I that contains X by stages. At
stage s of the construction we will put one of the elements by or by into the set that
is voEm constructed: Here is the construction:

MS%N 0. Consider %o element bg. By the lemma above either X U. @ov or
XU @& is consistent. If X U {bo} is consistent, then set Xg = X U{bg}. Otherwise,
set Xo = X U {b}.

Stage s + 1. Assume that X has been constructed and is consistent by the
induction hypothesis. Consider the element b,.¢1. By the lemma above either X, U
{bst1}or X; U @1; is consistent. If X; U {bs+1} is consistent, then set X4 =
X U {bsy1}. Otherwise, set X; 11 = X; C:uh+:

Now we define I = | J,,, Xs. Now note that / is a consistent set. Otherwise,
some X; would be inconsistent. Also note that for every b € B either b € I or
b € I, because b = by for some s, and at stage s either b or its complement is
put-into /. Now we show that [ is a proper ideal. Since I is consistent, 1 does
not belong to /. Also note that 0 € I. Let x € I and y < x. We need to show
that y € I.If y ¢ I, then §j € I. Now consider x V J. Since y < x we have
XV 3y =(xVy)Vvy=1 Hence I is inconsistent. Therefore, y € I. Now assume
that x, y € 1. We need to show that x vV y € I. If not, then xV'y € I. Then
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xV y'VxVy =1 Hence I is inconsistent. Therefore, x V y € I. Thus, I is an
ideal.

'~ We need to show that I is a maximal ideal. Assume that I is not maximal.
Let J be a proper ideal that contains I such that b € J \ I for some b. Then b € I.
Hence b € J. Therefore, b v b € J. Hence J is not proper. This contradicts the
assumption that I is not maximal. Hence we have shown that I is a maximal ideal
that contains X. The theorem is proved.

Corollary 6.10.2 For any countable Boolean algebra B a:& any b # 1 in B there
exists a maximal ideal that contains b. O

Corollary 6.10.3 For any countable Boolean algebra B and any b # 0'in B there
exists a maximal ideal that does not contain b. ,

"Proof. Take b. Then b # 1. By the previous corollary there exists a maximal
ideal that contains b. The ideal clearly does not contain b. The corollary is proved.

Corollary 6.10.4 A proper ideal of a countable Boolean algebra I is maximal if
and only if forallb € B eitherb e I orb € 1. )

Proof. Let I be a proper maximal ideal. If for some b neither b € I nor
b € I, theneither I U{b}or I Cﬂmw is consistent. Hence we can construct a proper
ideal containing I. This contradicts the assumption that / is maximal. Assume that
for all b € B either b € B or b € B but I is not a2 maximal ideal. Let J be a
proper maximal ideal containing I such that ¢ € I \ J for some a. Thena € 1.
Hencea va = H This contradicts the wmm:Bw:os that J is proper. The corollary
is proved.

Exercise 6.10.9 Let B be a Boolean &m@@x@ A subset F C B is a filter ca the
Jollowing properties hold: -

1.1el
2. Forallx e I andy € B, @Q.Nx. theny € I.
3. ﬁcx&.:_ yel, x A y € 1.
Prove the following:
1. Fis afilter if and only if the set F = (% | x € F}isan ideal.
2. Every proper filter is contained in a maximal filter.

6.10.4 The Stone Representation Theorem. In this section we prove one of the
fundamental results about Boolean algebras. The result basically tells us that we
can think of the operations of a Boolean algebra as the set-theoretic operations of
union, intersection and complementation on some family of subsets of a certain

6.10. Application to Boolean Algebras 391

set. Hence all the set-theoretic laws that hold for the set-theoretic operations also
hold for the operations that define Boolean algebras. Recall our assumption that
Boolean algebras are countable. We add that the Stone theorem ro_% for uncount-
able Boolean algebras as well.

Let B be a Boolean algebra. We can consider the set of all maximal ideals of
the Boolean algebra B. Let us denote this set by I (B). Our goal will be to show
that the Boolean algebra B can be viewed as a family of subsets of I (1) closed
under the set-theoretic operations of union, intersection and complementation. In

-order to-do this we need to associate with each element b of the Boolean algebra

a subset of I(B). So let us take any element b € B. Consider the set R(b) of all
ideals that do not contain b. Thus,

R(b) = {I | I is a maximal ideal of Band b ¢ I}.

Clearly, R(b) C I(B).Thus we have a mapping R from the Boolean algebra B into
the set of all subsets of I (B). Now we will study several properties of the mapping
R : B — P(I(B)), where we recall that P(A) is the power set of the set A. The

~ following lemma follows immediately from the definition of the mapping R.

Lemma 6.10.4 For R, we have R(1) = I(B) and R(0) = 0. T1
Lemma 6.10.5 Foralla,b € B, ifa # b, then R(a) # R(b).

Proof. Note nz.: eithera £ bor b £ asince a # b. We can suppose that
a £ b (otherwise we would change the roles of a and b). Consider a A b. If
aAb=0,then

a=aAl=aABVb)=@Ab)V@nrb)=aAnb.

Hencea <.b.Thisis a contradiction to the assumption thata £ b.Hencea N #0.
By Corollary 6.10.3, we can take a maximal ideal I that does not contain a A b.
Hence a ¢ I and b ‘¢ 1. Therefore, b € I. We conclude that I € R(a) and
I ¢ R(b). Therefore, R(a) # R(b). The lemma is proved.

Lemma 6.10.6 Foralla,b € B we have the equdlities
"R(avb)=R(@)UR(®b) and R(a Ab) = R(a) N R(b).

Proof. We prove the equality R(a v b) = R(a) U R(b). The other equality
can be proved in a similar manner. Thus, assume that I € R(a Vv b). We need to
show that either I € R(a) or I € R(b). If neither I € R(a) nor I € R(b), then
a € landb € I.Hence a v b € I. This is a contradiction. Therefore, either
I € R(a)orI € R(b). Assume that I € R(a). We need to show that I € R(a Vv b).
We can suppose that I € R(a). Thena ¢ I. Considera v b.If a v b € I, then
a € I by the definition of ideal. Hence a vV b ¢ I. Therefore, I € R(a Vv b). The
lemma is proved. []
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Exercise 6.10.10 Prove the equality R(a A b) = R(a) N R(b).
Lemma 6.10.7 For all a € B, the equality I(B) \ R(a) = R(a) holds.

_ Proof. In order to prove the equality assume that ] ¢ R(a). Thena € I.
Since I is maximal, & ¢ I. Hence I € R(d). Now assume that I € R(a). Then
a ¢ I. Therefore, a € I since I is maximal. Hence I ¢ R(a). The lemma is
proved. ; ‘

Thus, the last four lemmas show that the set {R(a) | a € B} is closed
under the set-theoretic operations of union, intersection, and complementation.
Moreover, 1(B),® € {R(a) | a € B}. Hence, we conclude that the structure

({R(a) | a € B},U,N,\, D, I(B))

is a Boolean algebra. The lemmas also guarantee that the mapping R is an iso-
morphism from the Boolean algebra m.owxﬁo.ﬁro Boolean algebra ({R(a) | a €
B}, U,MN, \, @, I1(B)). Note that {R(a) | @ € B} is a family-of subsets of I(B).

Here now is the theorem called Stone’s representation theorem.

Theorem 6.10.3 Any countable Boolean algebra-is isomorphic to a Boolean al-
gebra of subsets. .

Proof. Take a Boolean algebra B. Then the mapping a — R(a) is an iso-
morphism from B onto ({R(a) | @ € B}, U, N, \, ¥, I (B)), which follows from
the lemmas above. The theorem is proved.

This theorem allows us to use some set-theoretic terminology about elements
of Boolean algebras. For example, for elements a, b of a Boolean algebra one can
say that a is a subset of b to mean a < b. Similarly, we can say that a and b are
pairwise disjoint to mean thata A b = 0. ,

Exercise 6.10.11 Let A be a subset of a Boolean algebra B. Show that the minimal
Boolean subalgebra of B containing A is finite if A is finite.

Exercise 6.10.12 Prove that any finite algebra B is generated by its atoms. More-
over show that any element b € B can be presented as a finite union of atoms of
B. - . ,

-Exercise 6.10.13 A Boolean &.wm?,a B is atomic if for every b € B there exists

an atom a such thata < b. Let A be the set of all atoms of B. Show that any atomic
Boolean algebra B is isomorphic to the Boolean algebra P (A) of all subsets of A.

6.10.5 Homomorphisms of Boolean Algebras. Throughout this section, all
Boolean algebras are assumed to be countable unless otherwise stated. Let A and
B be Boolean algebras. We say that the mapping 4 : A — B is a homomorphism
ith(0) =0,h() =1, and for all a,b € A we have h{a Vv b) = h(a) Vv h(b),
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h(a A b) = h(a) A h(b), and h(a) = w\mmv. Clearly, if a homomorphism 4 is onto
and a one-to-one mapping then % is an isomorphism. A homomorphism # is called
an embedding if h(x) # h(y) for x # y.

Example 6.10.7 Let I be an ideal of a Boolean algebra B. Then the mapping
h : b — by that maps every b € B to the ~-equivalence class by containing b is
a homomorphism from B onto the factor algebra B;.

The next theorem shows that the example above is, in a certain sense, a
canonical way of constructing homomorphisms of Boolean algebras.

Theorem 6.10.4 Let h be a homomorphism from a Boolean algebra B onto a
Boolean algebra A. Consider the set [ = {b € B | h(a) = 0}. Then I is an ideal
and the factor algebra By is isomorphic to A.

Proof. We prove that 7 is an ideal. Clearly, 0 € I. Let x be in I and y. < x.
Then y A x = x. Therefore, h(x) = h(y A x) = h(y) Ah(x) = 0 Ah(x) = 0.
Hence y € 1. Take now two elements x, y from /. Then h(x V y) = hi(x) Vh(y) =
0V 0=0.Hencex vy e I. We conclude that [ is an ideal.

Let us consider the factor Boolean algebra B;. We define the mapping g from
By into A with the goal of showing that By is isomorphic to A. Take any element
by € By. Define g(by) = h(b). The function g that maps each b; into k() is well

defined because it does not depend on the representatives of the ~-equivalence

class containing b. Using the fact that & is 2 homomorphism from B onto A, we
see that g is also a homomorphism from B into 4. We need to show that g is a
one-to-one mapping. Let by # a;. Assume that g(b7) = g(ay). Then h(a) = h(b).
Hence h(a \ b) = h(b \ a) = 0. Therefore,a \ b, b \ a € I. Hence a; = b;. This
is a contradiction to the assumption that a;  b;. Therefore, & is an mono%EmE.
The theorem is proved. .

‘We now give some conditions that allow us to build homomorphisms and
isomorphisms between Boolean algebras. The following definition gives a useful
condition for constructing homomorphisms.

Definition 6.10.8 Let A and B be Boolean algebras. A set H C A x B is a
homomorphism condition from A into B if H has the following properties:

1. (0,0),(1,1) € H.
2. If(x,y)e Handx =0, then y = 0.

3. If(x, y) € H and x| < x, then there exists y1 such that y; =y &L,yDeH
and (x \ x1, y \'y1) € H.

We now prove that any homomorphism condition from A into B atlows one
to construct a homomorphism from A into 5.
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,—.Eoonoa\ahc.m Let H be a homomorphism condition from a Boolean algebra

~ Ainto a Boolean algebra B. Then there exists a homomorphism h from A into B

with the following property: for all a € A, if there exist pairwise disjoint elements
ai, ..., ay such that Via; = a, then (a;, h(a;)) € H.

N

Proof. Since A is countable we can list all elements of A into a sequence
ap, a1, az, . .. without repetition. We construct a homomorphism 4 by stages. The
construction uses the homomorphism condition H. At stage s+1 of the construction
we will have a finite Boolean subalgebra A1 of A and a homomorphism Ay :
As+1 — B constructed. These will satisfy the following conditions:

1. For all s, >m\mu \ri..

2. For all s, hs C hsy1, hence the homomorphism kg1 extends A;.
3. For all .q., the element a; belongs to A4 .

4. For all s and a € A; the pair (a, hs(a)) belongs to H.

Note that condition (3) guarantees that "= \UJ, ks is a map from A into B.
Conditions (2) and (3) guarantee that k is a homomorphism from \» into B. Here
now is the construction.

Stage 0. We set Ag = {0, 1}, kp(0) = 0, and ho(1) = 1. O_ommv\.‘wo is a
homomorphism from A into B.

Stage s+ 1. Consider the Boolean algebra .A; generated at the previous stage.
Let ag, ..., ar be the set of all atoms of A;. These atoms generate A;. By the
induction hypothesis we have (ag, ks(ag)), . . ., (ak, hs(ax)) € H. We construct
Ag1 as follows. Take the element ay. For each i € {0, ..., k}, form the elements
doi = a; Aag and dy; 1 = a; Aas. Since (a;, hs(a;)) € H and dy; < a;,there must
exist a by; such that by; < hs(a;), (dai, by) € H and (djiy1, hs(a;) \ b)) € H.
We set bait1 = hs(a;) \ by;. Now set A1 to'be the wOo_omﬁ algebra generated by
elementsdp, ..., dag1.Clearly, Ay C Asy1. Moreovertheelementsdy, . . ., dag1
are atoms of the Boolean algebra A,1. Thus, we have constructed the subalgebra
Ay1. Note that a; € Agyq because a; = dy vV dy V - -+ V dyg. Now we need to
define the homomorphism k1. Take any element a € Ag41. There must exist a

finiteset K C {0, 1,..., 2k+1} suchthata = \/ ;o d;. Sethsy1(a) = \/ jex bj.

It is not hard to see that s C hsqq.

Now we set i = | J, h;. As noted above & is a homomorphism from A ::o
B. The theorem is proved.

The homomorphism condition H from A into B does not guarantee that there
exists a homomorphism from .4 onto B. However, we can add an extra condition on
H that will suffice to build a homomorphism from .4 onto B. We give the following
definition.

"

6.10. Application to Boolean Algebras 395

Definition 6.10.9 A homomorphism condition H from Ainto B is called an epi-
morphism condition from A onto B if for all (x,y) € H and b < y there exists
ana € A suchthata < x, (a,b) € Hand (x \a,y\b) € H.

Now we prove the following theorem that, given epimorphism condition H
from A into B, builds a homomorphism from .4 onto B.

Theorem 6.10.6 Let H be an epimorphism condition from a Boolean algebra A
into a Boolean algebra B. Then there exists a homomorphism h from A onto B
with the following property: for all a € A if there exist pairwise disjoint elements
at,...,ay such that Via; = a, then (a;, h(a;)) € H.

Proof. The proof is very -similar to the proof of the previous theorem. We
sketch the proof and leave the details to the reader. Since A and B are countable
we can list all elements of A and B into the sequences

ap,at,az, ... and bg, b1, by,...,

respectively. We construct a homomorphism 4 from A onto B by stages. At stage
0, we set Agp = {0, 1}, ho(0) = 0, and ho(1) = 1. Clearly, k¢ is a homomorphism
from Ag into B. At stage s + 1, we will have a finite Boolean subalgebra A
of A and a homomorphism 4,41 : As41 — B constructed. These will satisfy the
following conditions:

1. Forall s, Ay C Agt1.

2. Forall s, hs C hyy 1, hence kg extends hg.

3. Forall s = 2k + 1, the element a; belongs to Apsy .

A.. For all s = 2k 4 2, the element by belongs to hg(Azsis).
5. Forall s and a € A the pair (a, hs(a)) m&ozmm to H.

All these conditions guarantee that the mapping & = J, &, is a homomorphism
from A onto B.

The construction of A, at stage s is very similar to the construction of the
homomorphism in the proof of the previous theorem. The only modification is that
at each odd stage s = 2k + 1, the construction makes sure that ay is put into the
domain of the function A;; at each even stage s = 2k + 2 ,the construction guaran-
tees that by is put into the range of the function 4. At odd stages the construction
can be carried out successfully because H is an epimorphism condition. The rest
of the proof is left to the reader. [J

Exercise 6.10.14 Finish the proof of the theorem.
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‘We now give an application of the theorems above. A Boolean algebra B is
atomless if B contains no atoms. An example of an atomless Boolean algebra is
the following. Consider the power set P(w). Let F be the ideal of the Boolean
algebra P(w) that consists of all finite subsets of w. Consider the algebra obtained
by factoring P(w) by the ideal F. Then the factor algebra is an atomless Boolean
algebra. Note that this Boolean algebra is uncountable. .

Exercise 6.10.15 Show that the Boolean algebra of intervals (see Exercise 6. H;o.wv
of the linearly ordered set [0, 1] is an atomless Boolean algebra.

Exercise 6.10.16 Give an example of a countable atomless Boolean algebra.

.Corollary 6.10.5 If B is an atomless Boolean algebra, then for any Boolean &-
gebra A; there exists a homomorphism from B onto A.

Proof. Defire theset E C A x B as : -

E={(a,b)|ac A beB, ifa=0,thenb =0}. o

It is not hard to see that E is an epimorphism conditiorn. The corollary is proved.

Definition 6.10.10 A homomorphism condition H from Ainto B is an mE—.&&EW
condition if the condition (x,0) € H implies that x = 0.

Corollary 6.10.6 If H is an embedding condition from A into B, then there exists

a homomorphism from A into B such that h is a one-to-one mapping. H

Proof. Since H is a homomorphism condition by Theorem 6.10.5 we can
construct a homomorphism 4 from A4 into B. We need to show that the constructed

h is in fact an embedding. If / is not an embedding, then there exists a stage s + 1

such that hs1(a) = hsy1(b) for some distinct a, b € As41. Hence hg1(a \ b) =

hs+1(a) \ hsy1(b) = 0. Note thata \ b € A;.1, and we can assume thata \ b # 0.

Then hsy1(a \ b) # 0 by the construction of Az and the fact that H is an

embedding condition. This mm a contradiction. The ooS:wQ is proved. O

Definition 6.10.11 A homomorphism condition H \55 Ainto B is aisomorphism
condition if H is an epimorphism and embedding condition.

Corollary 6.10.7 If I is an isomorphism condition from A into m then there exists
an isomorphism from A onto B.

Proof. The proof follows from Theorem 6.10.6 and the corollary above. [1
Corollary 6.10.8 Any two atomless Boolean algebras are isomorphic.

Proof. Let A and B be atomless Boolean algebras. Consider the set

= 2.@. 0,1, CWC?P bylace A,be B,a¢{0,1},b £ {0,1}}.
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It is not hard to check that I is an _moBoér_mB condition from .4 into-B. The
corollary is proved.

Corollary 6.10.9 Let B be an atomless Boolean algebra. For any algebra A there
exists an ideal I of B such that the factor algebra By is isomorphic to A.

Proof. By Corollary 6.10.5 there exists a homomorphism % from B onto A.
Consider the ideal I = {b | h(b) = 0}. Then by Theorem 6.10.5, the factor algebra
B is isomorphic to A. The corollary is proved.

.Oc-.o:mn% 6.10.10 Let h be a homomorphism from a Boolean algebra B onto

A. There exists a Boolean m:@&m&@x& C of B that is isomorphic to the Boolean
algebra A.

Proof. Consider the set
H = {(b,a) | h(b) = a and a = 0 if and only if b. = 0}.

It is not hard to see that H is an embedding condition. Hence A can be embedded
into B.

Corollary 6.10.11 Let B be an atomless Boolean algebra. For any algebra A
there exists a Boolean subalgebra C of B such that C and A are isomorphic.

Proof. By Corollary 6.10.5 there exists a homomorphism 4 from 5 onto A.
By the previous corollary there exists a Boolean subalgebra C of 3 such that C and
A are isomorphic. The corollary is proved.

The exercise below can be proved by finding appropriate isomorphism con-
ditions.

Exercise 6.10.17 Let A be a Boolean subalgebra of a Boolean algebra B. Assume
that the following conditions hold:

1. Foranya € A there exists afinite set A, of atoms of B suchthata = Vea,c.
2. A has infinitely many atoms.

3. B is generated by the set A and all atoms of B.

Show that A and B are isomorphic.

6.10.6 Decidability Results. In this section we will show that the theory of all
countable Boolean algebras with variables that run over ideals is decidable. We will
give an exact definition of this theory, and prove that the theory can be reduced to
$25. In our proof we use our knowledge from the previous section about Cantor’s
discontinuum CD, structures related to CD, and decidability of theories of these
structures. Our interest will co in special types of open sets on CD. Here is a
definition of these sets.
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Definition 6.10.12 A sezt U C CD is o_cmx.\: if U and the nQSEwSmS &a U are
open sets.

Thus, we see that U is a clopen set if and only if U and the complement of
U are closed sets. For any v € {0, 1}* the set U, = {va | @ € {0, 1}*}-is a clopen
set. Therefore, all basic open sets of CD are clopen sets. Recall that the sets of the
type Uy, where X C {0, 1}* and Uy = {J,cx Uv, range over all open mz_umna of
CD. Also, note that CD itself and @ are clopen sets.

' Lemma 6.10.8 An open set U is clopen NN and only if there exists a \S:,m set

X c {0, 1}* such that U = Uy.

Proof, Assume that there exists a finite set X C {0, 1}* such that QWH Uyx.
Note thatif v < w, where u, v € {0, 1}*,then U, C U,. Therefore, we can assume

that for no pair v, w € X dowe have v < w.Letk = max{|v| | v € X}. Oosmaﬂ
the set Y C {0, 1}* defined as .

s

Y = {v | Ju| = k and no prefix of u is in X}.

Note that ¥ # @. It is easy to check that the complement of U is Uy. Hence Uy is
open. Therefore, Uy is a clopen set.

Now assume that U is a clopen set. We :ooa to. show Emﬂ for some finite set
X we have U = Uy. Take an element « € U. Then there exists a basic open set
Uy such that Uy C U and @ € Uy. Let x] < xp < .-+ < X, be all prefixes of x.
Among these prefixes take the x; such that Q y C UbutU aT ¢ U. Denote azm
x; by x(«). Now set

X={x@)|xeU}- .

We claim that X is a finite set. Assume X is not a finite set. Consider the set-

= {y | ¥y < x() for some x € X}. Then X’ is an infinite finitely branching
tree. By Konig’s lemma X’ has an infinite path, say 8. Clearly, no element of 8
belongs to X’. By the definition of 8 for any x € B there exists an ¢ € {0, 1}*
such that xo € U. Note also that 8 ¢ U. Now the complement of U is an open
set. Hence there exists an x such that Uy ¢ CD\ U and 8 € Uy. But as we noted,
xa € U for some o € {0, 1}*. Contradiction. We conclude that X is a finite set.
Moreover, U = Uyx. The lemma is proved.

Definition 6.10.13 The set Bcp is the set of all clopen sets of CD.

The next lemma shows that the set of all o_ovos sets is an atomless Boolean
algebra.

Lemma 6.10.9 The set Bcp of all clopen sets of CD forms an atomless countable
Boolean algebra.

Proof. Since o<mQ clopen set is of the form Uy for some finite X C {0, 1}*,
we see that the set of all clopen sets is countable. Clearly, the union, intersection

»
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and the complements of clopen sets are clopen sets. Also @ and CD are clopen sets.
Hence all the set of all clopen sets is a Boolean algebra. We need to show that the
Boolean algebra B¢p of all clopen sets is atomless. Lét U be a clopen set. Then
U = Uy for some finite X. <<o. can assume that for no pair v, w € X do we have
v < w. Lety € {0, 1}* be such that some proper prefix x of y is in X. Then U,
is a proper subset of Uy, and U, is clopen. Hence Bcp is an atomless Boolean
algebra. The lemma is proved.

Lemma 6.10.10 For any ideal I of Bcp the set V = CQm 1 U is an open set.
Moreover, for any open set U in CD the set {V € Bcp | V C U} is an ideal.

Proof. For any ideal 1, the set V = Uy¢; U is clearly an open set. The second
part of the lemma can be easily checked using the definition of ideal. The lemma
is proved.

Now we define the language Lpy of all Boolean algebras. The language Lp
contains individual variables x, y, z, ..., that are intended to run over elements
of Boolean algebras, the operation symbols Vv, A, ~ for representing the Boolean
operations, constant symbols @ and 1, logical connectives &, <. -, —, and set
variables I, I, I, ... that are intended to run over ideals of Boolean algebras:
The language contains quantifiers 3, V that can be applied to the individual as
well as to the set variables. The language also has the symbol € for representing
membership. Formulas and sentences of this language are defined in a natural way.
Now we give the following definition.

Definition 6.10.14 The theory of Boolean algebras Th(BA) in the language Lpa
is the set of all sentences of the language that are true in all countable Boolean
algebras.

Our goal is to show that the theory Th(BA) is decidable. In order to show
that Th(BA) is decidable we need to recall the structure (CD, <). In this structure,
for all o, 8 € CD, we have ¢ < B if and only if there exists a w that is a
finite prefix of both « and B such that w0 € « and wl € B. The language L
corresponding to the structure (CD, <) contains individual variables x, y, z, ...,
that are intended to run over elements of CD, the symbol < representing the order
on CD, logical connectives &, \/, =, —, and set variables of two types. The first
type of set variables are Cp, Cy, C3, . .. and range over closed subsets of CD; the
second type of set variables are Dy, Dy, D3, ... and range over F,-subsets of
CD. The language contains quantifiers 3, V that can be applied to the individual
as well as to the set variables of both types. The language also has symbols € for
representing membership. Theorem 6.9.6 states that the theory Th(CD) of Cantor’s
discontinuum in this language L is decidable.

Here now is our last theorem of this chapter.

Theorem 6.10.7 The theory NSQW\C of all Boolean algebras is decidable.
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Proof. The proof is basically a ooB:u.Q Qq. Theorem a.w.m. Indeed, consider
the language L of the structure (CD, X). Consider the formula clopen(C) of the
language L which is - - - : =

JAC1AC,(Vx(x € C; © x € O)&Vy(y € Cy & y ¢ (1)),

where (& < W) stands for (® — V)& — ®). Note that C; and C; are
variables for closed sets. Hence a set C € CD makes-the formula true if and
only if C is a clopen set. Note that the operations of union U, intérsection N, and
complementation~ for clopen sets are all definable in the; _mzmcmmo L. Consider the
formula open(D) defined as follows:

Vx(x € D — 3C(C C D & clopen(C) & x € C);

Note that the variable D is a variable that runs over F-subsets of CD. A subset"

D of CD satisfies the formula if and only if D is an open set of CD. Thus, the
Boolean algebra Bcp of clopen subsets of CD (see Lemma 6.10.9) is definable
in the language L. Moreover, by Lemma 6.10.10, the open sets of CD can be
associated with the ideals of the Boolean algebra B¢p. Now consider the Boolean
algebra Bep of clopen subsets of CD. There exists a mﬁ,i&.m ~,C;,C ;) in the

language L such that for all subsets X, Y, Z C CD, formula ~ (X, Y, Z) is true’

in CD if and only if X is open, Y and Z are clopen subsets of CD and Y ~x Z.

.Recall that ~y is Eo mn=_<m_o:om relation in the Boolean algebra Bcp defined by

the ideal X.

Now by induction on the complexity of formulas we transform every formula
& of the language Lp, into the formula &®, The transforfation will be such that
for all sentences ®, the sentence ® is true in all Boolean algebras if and only if &
is true in (CD, =<). Take an atomic formula t = g, where ¢, g are terms. Replace
all variables x; occurring in ¢ = g with variables C;, the operation symbols V, A,
and ~ with U, N, and 7, respectively. Note that ¢ =cD \ C for all clopen sets C
of CD. Let ¢’ and ¢’ be the resulting expressions. Then the transformed formula is
VD (open(D) —~ (D, t,q")).

_ Take an atomic formulat € I.Inthe term ¢ replace variables x; with variables

C;, replace the symbols-V, A and *, with U, N, and 7, respectively. Let ¢’ be the
resulting expression. Now replace ¢ € 1 ‘with the formula (open(D) & t' C D).
If @ is of the form ®;7®,, where 7 € {V, &, —} or & = —=Pq, then we set
®® to be eMcﬁGS, where T € {V, &, >} or ® = Je%v,‘ﬁomwo&,\o@.
If @ is any of the formulas Vx; ®; (x;), VI; ®1(l;), then &® s

VC;VD(open(D) & clopen(Ci) — ACi(~ (D, Ci, Cj) & ®(C}))

and
VD;(open(D;) = ®"(D;)),

E—
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respectively: w:u:&.? if ® is any of the formulas 3x; & (x;), A7; i ®1(}), then we
replace ® with

VD(open(D) — 3C;3C; ~ (D, i, C;) & d(C))),

and
3D (open(D;) & 1 (D;)),

respectively. Now the reader can check that for all sentences ®, we have ® ¢
Th(BA) if and only if ®' € $2S. The theorem is proved.



